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Abstract: Purpose — Extend the Blade Element Momentum Theory (BEMT) such that rotors with
pronounced cone and axis angle (tilt or yaw) can be calculated. Derive an equation for the speed
ratio (lambda) as a function of Tip Speed Ratio (TSR), radius, blade, cone and axis angle. This
converts the BEMT into an Unsteady BEMT or UBEMT. Present the Wagner rotor as one such rotor
geometry. --- Methodology — Literature review and calculations. --- Findings — The UBEMT can be
used to calculate highly unconventional rotor geometries. --- Research Limitations — Although the
aerodynamic coefficients used in the UBEMT are from measurements in steady flow conditions,
they can be used with success. --- Practical Implications — Also conventional Horizontal Axis Wind
Turbines (HAWT) with noticeable cone and axis angle should be calculated with the UBEMT. The
accuracy of power calculations of these HAWTSs can be slightly improved. --- Originality — Analytic
equations for rotors with cone and axis angle have barely been discussed.
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1. Introduction

For the past decades, wind power is the leading source of renewable energy. It is the
world’s fastest growing energy source due to its reliability and cost-effectiveness [1].
Wind energy systems [2] or wind turbines [3,4] are well covered in textbooks in English
or other languages like German [5-8].

The dominant wind turbine design is the Horizontal Axis Wind Turbine (HAWT)
with blades usually rotating in front of the tower. A closer look reveals that HAWTSs often
have an axis with a small angle to the horizon. Furthermore, the blades may show an
angle with the axis not exactly 90° (Figure 1). Such angles are used to ensure clearance
between the blades and the tower, considering rotor blade bending under loads. Clear-
ance to the tower is not only common sense, but also required by the international
standard IEC 61400-1 [10]. Cone angle, axis angle and overhang (Figure 2) may be used
concurrently, but can only be used to a limited extent. Tilting beyond 5° may introduce
unwanted cyclic loads, while coning results in a moment at the blade root due to cen-
trifugal forces on the blade [1]. Coning and tilting also results in a reduction of power or
require longer blades to maintain power [12]. An additional overhang causes increased
loads on rotor bearings.

Installing wind energy systems offshore has several advantages. Additional sites
become available, wind speeds are higher than on land, and turbulence is lower. The
visual impact is reduced and noise impact on humans is also reduced. Certainly, there
are also many disadvantages with offshore wind energy. Disadvantages combined result
in higher costs. For water depths up to 50 m, wind turbines are installed on the sea floor.
At a certain water depth, floating structures are less expensive than those installed on the
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sea floor [1]. Figure 3a shows one example of a floating HAWT. A long cylindrical buoy is
anchored with mooring lines. It floats upright due to ballast at its base.

axis angle

Figure 1. Axis angle (nominal: 10°, oscillating nave) and cone angle (9°) of the German 3 MW re-
search wind turbine GROWIAN (“Grofie Windenergieanlage” — “large wind turbine”), 1983 — 1987.
The blades rotated on the leeward side of the tower. Based on [9].

cong angle tilt angle extra overhang

Figure 2. Geometry variations with cone angle and axis (tilt) angle of a HAWT to ensure clearance
between blade and tower. Based on [11].

The Wagner rotor (Figure 3b) is a proposal from the 1980 especially as a wind tur-
bine for deep water offshore use. The idea is to mount a wind turbine without a tower on
a conventional ship. The Wagner rotor applies large cone and axis angles (Figure 4).
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() (b)

Figure 3. Deep water offshore wing turbines. (a) Wind turbine with horizontal axis mounted on a
perpendicularly floating buoy (based on [1]). (b) Asymmetric Wagner rotor with pronounced cone
and axis angle mounted on a ship (reproduced from [12]).
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Figure 4. Wagner rotor onshore. Defined are cone angle, k (kappa) and axis angle, t (tau). The axis
angle leads to tilt of the rotor plane. Based on [12].

Calculating the power output of wind turbines with pronounced cone and axis
angle as shown on Figure 1, Figure 3b, and Figure 4 has to take this geometry into ac-
count. Lift and drag on the blades depend on the relative speed. Blades on a tilted (more
horizontal) rotor disc move against the wind during one half of the revolution and move
with the wind during the other half of the revolution. The same is true if the rotor would
experience a yaw angle instead. With a cone angle it has to be noted that only the com-
ponent of the relative wind vector shows an effect that acts on the airfoil. A flow along
the length of the blade remains without primary effect.

Wind power calculations are based on a nondimensional rotational speed known as
the tip speed ratio (TSR). For TSR, the Greek letter A (lambda) is used in equations. To be
more precise, A can be calculated anywhere along the length of the blade at a radius r.
TSR is calculated at the blade tip, where r = R and A = A;. The index f stands for “tip”. For
HAWT, the speed ratio, A(r) is the ratio of circumferential speed, # and wind speed, v. ®
(omega) is the angular velocity in 1/rad and v (nu) is the rotational speed in 1/s or in
revolutions per minute (rpm) divided by 60.

u(r) wr 2mur wR 2muR
A(r) = v =7= " ) t=7= ” (1)
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This article shows, how cone and axis angle can be considered in the calculation of
power output of wind turbines and how this can be done based on an extended calcula-
tion of A. The practical purpose of this article is to add an equation A = A (7,7,x,0) to the
aerodynamic calculation of wind turbines and to extend the Blade Element Momentum
Theory (BEMT) to certain unsteady flow conditions. The equation A = A (r,7,x,0), which is
based on radius, cone and axis angle is not new. It had been derived in the Appendix of a
report, written by the author in 1985 [12]. This German report was made available online
decades later and published in repositories. However, the equation never reached any
larger visibility.

A literature review including above mentioned sources [1-10] and more, e. g. [13-18]
showed no mention of including cone and axis angle into the calculation of power output
of wind turbines. In one paper [19] the cone angle was systematically varied, leaving the
axis angle always at 0°. The authors found that the turbine suffers a reduction of power
with a cone angle, k less than 90°. Calculations were done with Qblade from the Tech-
nical University in Berlin, Germany. The more recent version of Qblad [20] has moved
from the BEMT to the Lifting Line Free Vortex Wake (LLFVW) method. The numeric
code allows input of rotor cone angle, rotorshaft tilt angle, and/or rotor yaw angle on the
fist tab of the simulation setup dialog. Qblade allows superb visualization of the rotor
wake in addition to the output of rotor (global) parameters like turbine power. The in-
clusion of yaw in the BEMT (without cone angle) is covered in [21].

Structure of the article: Chapter 2 introduces a wind turbine with pronounced cone
and axis angle. Chapter 3 talks about fundamentals of the Blade Element Momentum
Theory (BEMT). Chapter 4 extends the BEMT to the unsteady case due to pronounced
cone and axis angle. Chapter 5 derives A = (r,7,x,0) as input to the Unsteady Blade Ele-
ment Momentum Theory (UBEMT). Other documents written or supervised by the au-
thor, include on the same topic:

e  Results from the UBEMT applied to the Wagner rotor [12].

e  Equations for the BEMT, systematically listed and derived [22, 24].

e  The BEMT applied to a HAWT compared to measurements [23].

e  The setup of an Excel program for the UBEMT and its application [24].
As such, these results are not repeated here in detail.

2. The Wagner Rotor

The Wagern rotor (Figure 5) is named after his inventor Dr. G. Wagner from Sylt, Ger-
many. He published his idea in the early 1980%. Here are the abstracts with his own
words.

Abstract from 1982 in [25]:
A newly developed wind turbine is described. Its rotor - called Wagner rotor after its inventor - is
neither based on a horizontal nor a vertical shaft. The shaft has an inclination angle of 50°. The
turbine has anchored a rotor blade following the principle of a suspension bridge ... The whole
plant is mounted on a ship.

Abstract from 1982 in [26]:
During the past year, a large model of a floating windmill has been working near Sylt, the most
northerly Island off Germany. Its maximum power is 250 kW, the length of the blade is 25 m and
the length of the ship, 30 m ... The advantages of offshore windmills are their low price (500
U.S.$/kW), short building time and lack of problems with transportation or siting ... Floating
windmills have several special problems. First there is the necessity of a low centre of gravity,
secondly the construction must be simple and robust. The Wagner rotor was developed with con-
sideration of these problems. The axis of the Wagner rotor has a tilt angle of 45° or 55° the angles
between blades and axis (cone angle) are 55°. The bearings, gears, generator and nacelle are inside
the ship. The tips of the blades are also connected with wire ropes to a pylon positioned on the axis.
The disadvantage of the Wagner rotor is that the blades are 1.7 times longer than the wings of
horizontal axis turbines with equal power rating. However, the cost of the blades is 10% of the total
cost of the windmill (including the ship), and therefore this is of no particular concern.
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Figure 5. Two Wagner rotors. Left: An onshore version. Right: A deep water offshore version. [12]

In 1985 test results from Germanischer Lloyd, Hamburg, Germany, financed by the

German Ministry for Research and Technology were published in [27]:
For utilization of wind energy at sea Dr. Wagner from List/Sylt has proposed a novel system, a
prototype of which he installed aboard the vessel Tanja 1. The operating performance of the proto-
type Wagner Rotor 1 was to be determined. The investigation programme was not confined to de-
termination of wind velocity and direction and of the output capable of being picked up at the
generator. Beyond this, it was to be attempted to simultaneously determine the stresses acting on
the rotor blade and structures adjacent to the foundation. Also, the vessel’s vibration behaviour and
stability during operation of the system was to be assessed. The system presented did not permit
any performance/wind velocity charts to be prepared, as it was impracticable to operate the system
in the stationary condition for a prolonged period and as the system was not provided with a
governing device. The Wagner Rotor I has to be started by means of a motor and only with wind
velocities in excess of 10 m/sec it continued to rotate automatically. Related to the size of the in-
stallation its mechanical and electrical output measured is extremely low. Considering the limited
quantity of energy generated per year it appears to be impossible to derive any substantial economic
benefit from the system in the concept presented.

Despite this devastating result, it may still be worth to look again at the old concept
for deep water offshore application. It needs to be considered that the ship-mounted
wind turbine of Figure 5 was based on a one-man-effort and his private finances. The
Wagner rotor has certainly the potential to produce power. The power reduction factor
compared to the HAWT can be calculated.

A first order calculation looks at the rotor disc geometry. Following a first intuitive
idea, a cone angel k = 45° could be applied on a ship (Figure 6). To have the rotor blade in
its lowest position horizontally along the deck of the ship, the axis angle would need to
be 1=« =45° From a rotor blade length, L follows a Radius, R = L sin k, which forms the
semi-major axis, a of the ellipse. The length of the semi-minor axis, b of the ellipse is cal-
culated from b =R cos 1=L sin k - cos k.
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Figure 6. Geometry of the Wagner rotor. (a) Side view of the Wagner rotor shown with a cone angle
of 90°. L is the length of the rotor blade. Angles are defined as in Figure 4. (b) The projected area
towards the wind is an ellipse with semi-major axis, 2 = R and semi-minor axis, b.

The projected area of the Wagner rotor is an ellipse with area, Awr. The horizontal
axis wind turbine has a projected area, Anawr. This is the largest possible area swept by a
rotor blade of length L. The Wagner rotor should maximize the ratio of the two projected
areas. Equation (6) is plotted as Figure 7.
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Figure 7. The projected disc area of the Wagner rotor, Awr relative to the maximum possible disc
area as given by the horizontal axis wind turbine, Anawr. Plot of (6). Maximum at k = 54.74° with
Awr | Anawr = 0.3849.
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The maximum of the ratio of the two projected areas can be found from the deriva-
tive of (6) set to zero. This yields an optimum cone angle, k = 54.74° = 55°. Wagner also
proposes this number in [26], which is more than the first intuitive idea of a cone angel,
k = 45° (Figure 6a). A cone angel k = 55° is depicted in Figure 3b. With « =55°, (6) yields a
ratio of 0.3849. With a rotor blade longer by a geometry factor of 1.61 the same projected
area could be achieved as with the HAWT. Conservatively rounded up, this is the factor
1.7, which Wagner mentions in [26].

Calculations in [12] show that the overall aerodynamic efficiency of the Wager rotor
is only about half of the efficiency of a HAWT. To make up also for this, the projected
area would need to be twice as big and the rotor blade longer by a factor of 2. Together
with the geometry factor, the rotor blades of a geometrically optimum Wagner rotor
would need to be longer by a factor of 1.61 - v/2 = 2.28. With the same rotor blade as used
for a HAWT, the Wagner rotor only produces 0.385 - ¥4 or 19% of the HAWT output.

The Wagner rotor using the same rotor blade would only be economically superior
to a floating deep water HAWT, if overall operating costs are more than five times lower.

3. The Blade Element Momentum Theory (BEMT)

Almost all engineering-level aerodynamic design calculations for Horizontal Axis Wind
Turbines (HAWT) are done with the Blade Element Momentum Theory (BEMT) [28].
Since the flow changes with the radius of the rotor, the rotor disc is divided into several
annular rings at radius, r (Figure 8). The aerodynamic forces at each blade element are
represented by the lift coefficient and drag coefficient known for the airfoil in place. At
best, aerodynamic coefficients should be available from wind tunnel measurements for
all 360° of angle of attack. Conservation of energy tells us that the wind turbine reduces
the velocity of the flow when power is extracted. Conservation of angular momentum
tells us that the braking momentum of the generator must be equal to the angular mo-
mentum exerted on the flow. This starts the flow to rotate. The energy of the rotating flow
is dissipated downstream and lost.

The angle of attack at the airfoil follows from the angular velocity of the blade and
the wind speed. Of interest is the flow at the disc. It is assumed that half of the wind
speed reduction and half of the final rotational speed is present in the plane of the rotor
disc. At the disc the speed ratio is called effective speed ratio, A2 = u2/v2, where the “2”
denotes the flow condition at the rotor disk. From A2 the angle of attack at the airfoil can
be calculated. The calculation is iterative. Vortices are shed from the tip of the blades and
are accounted for by a tip loss factor. Equations are given in [12, 22-24].

If only the change of energy and axial momentum is considered (which is equivalent
to an operation with infinitely high rotational speed), optimum power extraction is found
with a final reduction of the horizontal speed to 1/3 of wind speed. The horizontal speed
cannot be reduced to zero, because the air needs to flow continuously past the turbine.
With the reduction of the horizontal speed to 1/3 of its original value, a maximum of
Cr=16/27 or 59% of the power of the moving air can be extracted. At lower rotational
speed (or speed ratio, A) the power coefficient, Cr reduces drastically. The power ex-
tracted from the rotor is

1
P=CP§pAv3 ) 7)

A is the (projected) disc area, p is the air density, and v is the wind velocity. Cr is the re-
sult of the BEMT. An example for a Cr-A-diagram is given in Figure 9.
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Figure 8. The Blade Element Momentum Theroy (BEMT) divides the disc area into several annular
rings of width dr at a representative radius, r [2].
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Figure 9. Example of a Cr-A-diagram. Plotted is the power coefficient, Cr versus tip speed ratio A:
with blade tip angle, B+ as parameter. Wind energy converter “Adler 25” of Maschinenfabrik
Koster, Heide, Germany. Calculations with (U)BEMT [23].

Most wind energy textbooks touch upon the BEMT, but often do not go to the root of
the equations with required iteration. This article has to refer to previous work. For his-
torical reasons, there are different ways of writing the equations of the BEMT. As such, it
can be confusing when working with different sources.
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4. The Unsteady Blade Element Momentum Theory (UBEMT)

Unsteady flow at the blade element can be caused by turbulence or by changing wind
speeds with height [22]. This is not the topic here. But even in uniform flow, unsteady
flow at the blade can be caused by an axis an-

gle or a yaw angle. A cone angle by itself does A

not cause unsteady flow, but further compli-
cates the calculation.

As explained in the Introduction, blades
on a tilted rotor disc move against the wind
during one half of the revolution and move . AA
with the wind during the other half of the '
revolution. In order to account for these
changes with blade angle, blade elements are
not only differentiated by radius, r (Figure 8),
but in addition also by blade angle, 0 (Fig-

ure 10).

Figure 10. Blade elements of the Unsteady Blade

Element Momentum Theroy (UBEMT), which is

considering cone and axis angle. The total area, Ais SN

divided into many elements AA along the radius, r
and the blade angle, 6.

In the same way as in the BEMT, the angle of attack can be calculated for each blade
element from the effective speed ratio at the location of the disc, A2. The Unsteady Blade
Element Momentum Theory (UBEMT) adds to the BEMT another calculation loop to ac-
count for the blade angle, 6 (Figure 11) and adds an equation for the speed ratio, A, which
is derived in the next chapter. In [23] it was found that a HAWT with an axis angle of 10°
showed not more than 1% reduction in the power coefficient when the UBEMT was used
instead of the assumption of a truly horizontal axis. This is a reassurance than can only be
obtained from a calculation with the UBEMT.

I Input Data

Loop A, I

Loop O |

Loop R’ I

AR, 8, A, T, k)
&R, 6,A, T, k)
AA(R', 0, A, T, K)
CpI(AI E)

ﬂp(hn &)

| Curmp-bA |

n.(A)
[Ce=1/A n, 2(CyonpDA) |

Figure 11. Unsteady Blade Element Momentum Theory (UBEMT). A Cr-A-Diagram is calculated in
three nested loops. Details in [12].
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5. Derivation of the Speed Ratio A for a Wind Turbine with Cone and Axis Angle

The wind speed is written as a vector v, . The calculation requires the wind to flow only
from the inside to the outside of the cone surface. This requirement is fulfilled (Figure 12)
if:

T<k (8)

o

~
< X

Figure 11. Chosen Cartesian coordinates to derive the speed ratio for a wind turbine with cone and
axis angle [12]. The turbine rotates about the z-axis. The wind vector (or the turbine) is tilted by an
angle t with respect to the z-axis in the x-z-plane. Tilt, T can also represent yaw.

The calculation of the speed ratio, A is divided into three parts:
Calculation of the velocity v.

Calculation of the velocity u.

Calculation of A from A = u/v.

5.1 Calculation of the Velocity v Perpendicular to the Surface

Differential geometry is used to calculate the component of v,, perpendicular to the cone
surface. All data is given in Cartesian coordinates. The cone surface is described by:

¥ = (rcos @, rsinf, rcotk) )

with 0<r<R and 0<6<2m .

R is the biggest possible radius in the cone (Figure 6). The Wind speed is described by
WV) = (_vw sint, 0, — vy, COS ’[) (10)

X, is the partial derivative of the vector X with respect to r.
X,y = (X, ¥r Z,) is the tangent on the cone shell in r-direction.

Xg 1is the partial derivative of the vector ¥ with respect to 6.
Xo = (Xg, Vg, Zp) is the tangent on the cone shell in B-direction.

—

n=2%x X Xg (11)
The normal vector 7 is perpendicular to the cone shell surface described by of x, and
Xg in point ¥ . The normal vector results from the vector product of x, and xg .
cos @ —rsinfd —cotk cos @
n=|sind | x| rcosd |=r| —cotxsind (11)

cotk 0 1
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The projection of v, in direction —7 is
—V, 1
Vwi = W (12)

-7, 1 is a scalar product. The negative direction must be selected for the normal vector
because 7 is directed inward into the cone.

—Vy Sint — cotk cos 6
Uy = 0 1| —cotksin® | =71, (cost —sint cotk cosd)
—V,, COST 1

The length of the vector its

|7i] = r /(= cotx cos 8)2 + (— cotx sin§)2 + 12
|7] = r  cot?kx +1

v, 1 (cos T — sin T cotk cos )

= UW
Veot?k +1

The projected velocity v, 7z perpendicular to the cone’s surface is the required velocity
v.

V=g = (12)

|7

5.2 Calculation of the Tangential Velocity u

The circumferential or tangential velocity u also depends on the wind speed. It increases
when the wing runs against the wind and vice versa.

YA \Nu.*
/\_Vw 5in T-sin @

— Vw * 5t @

e‘\

Figure 12. Velocities on the rotating blade [12].

u =60r=owr (13)

U = wr — v, sintsinf (14)
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5.3 Calculation of the Speed Ratio A

From the calculated speeds © and v, the speed ratio A can now be calculated.

_ (wr — v, sintsing) y cot’x +1 (15)

u
A=— .
v v,, (cost — sint cotk cos )

The tip-speed ratio (TSR) at the blade tip on the Wagner rotor is conveniently defined as

2 = L= 28 16
== (16)
Solved for ®
Aevw
= 16
w=— (16)

and introduced into (15) yields the final equation

(hefp = sinesing) Veolx +1 a7)

cosT —sint cotk cos @

6. Conclusions

The Blade Element Momentum Theory (BEMT) can be extended to an Unsteady Blade
Element Momentum Theory (UBEMT). For the UBEMT the rotor disc needs to be divided
not only along the radius, r but also over the blade angle, 8 (Figure 10). One more calcu-
lation loop is necessary to account for the blade angle (Figure 11). An equation (17) is
derived for the speed ratio, A, which accounts for the geometry in a rotor with pro-
nounced cone and axis angle. The UBEMT can be used to calculate unconventional ge-
ometries like the Wagner rotor. The Wagner rotor still has a slight chance to reach eco-
nomic advantages as a deep sea offshore wind turbine over other configurations. Con-
ventional horizontal axis wind turbines (HAWT) often show small cone and axis angles
to reach sufficient clearance between blade and tower — especially if the rotor is located
upwind from the tower and the blades are flexible and highly loaded. The accuracy of
power calculations of these HAWTs can be slightly improved using the UBEMT. Alt-
hough the aerodynamic coefficients used in the UBEMT are from measurements in
steady flow conditions, they have been used with success in an UBEMT.
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