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Abstract

This letter introduces a modified design of membrane-type acoustic metamate-
rials (MAMs) with a ring mass and a perforation so that an airflow through
the membrane is enabled. Simplified analytical investigations of the perfo-
rated MAM (PMAM) indicate that the perforation introduces a second anti-
resonance, where the effective surface mass density of the PMAM is much higher
than the static value. The theoretical results are validated using impedance tube
measurements, indicating good agreement between the theoretical predictions
and the measured data. ‘The anti-resonances yield high low-frequency sound
transmission loss values with peak values over 25dB higher than the corre-
sponding mass-law.
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1. Introduction

Similar to their electromagnetic counterparts [I], acoustic metamaterials are
novel kinds of structures specifically engineered to exhibit unusual and generally
frequency dependent effective values of their constituent quantities mass density

p and bulk modulus x [2, B]. Many different realizations of acoustic metama-
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terials have been developed in the past, including metamaterials with negative
effective density [4H9], negative effective bulk modulus [I0HI2], double negative
metamaterials [I3HI6], and density-near-zero metamaterials [I7]. These real-
izations opened up new developments of acoustic devices with extraordinary
capabilities, such as acoustic superlenses for focusing of sound waves below the
diffraction limit [I8),[19], acoustic cloaks [20H23], perfect acoustic absorbers [241-
26|, and low-frequency sound barriers [4, [0, 27H29]. In particular, the latter
application of acoustic metamaterials is very promising for many fields of noise
control where most conventional noise protection materials are governed by the
so-called mass law. The mass-law relates the sound transmission loss TL to the
surface mass density of the material m” via TL = 20log,olwm’/(2Zy)], where
w = 27 f is the angular frequency and Z, the characteristic impedance of the
surrounding fluid, indicating the poor low-frequency performance of mass-law
governed structures [30]. From the low-frequency metamaterial sound barriers
available in the literature, the membrane-type acoustic metamaterials (MAMs),
originally proposed by Yang et al. [6], stand out due to their compact and
lightweight design: MAMs consist of a ‘thin prestressed membrane with small
rigid masses attached to it and a total surface mass density typically smaller
than 2 kg/m?. At low frequencies these structures exhibit frequency bands
around certain anti-resonance frequencies with negative effective mass density
and large TL-values that can exceed the corresponding mass-law transmission
loss considerably [6l [31]. This extraordinary low-frequency sound insulation ca-
pability of MAMs makes them specifically appealing for noise control devices
with strict boundaries for the overall weight and size.

Fora MAM, the anti-resonance frequencies can be easily tuned by selecting
suitable combinations of the added masses and the membrane prestress [32].
However, the frequency bands with large TL values typically are very narrow.
Therefore, a special treatment is required to achieve broadband noise insulation
with MAMs, such as stacking multiple MAM layers [28] B3] or multiple added
masses per unit cell [24] [34]. Nevertheless, the stacked arrangement of MAMs

and the addition of extra masses increase the total mass of the noise shield,
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possibly degrading the lightweight properties of MAMs. This approach also in-
creases the level of complexity, impacting an easy fabrication of such structures.

This letter presents a new kind of MAM with perforations to introduce ad-
ditional anti-resonances. Experimental and theoretical methods are employed
to study the acoustical properties of these perforated MAMs (PMAMs). The
basic structure of a PMAM unit cell is shown in Fig. [[fa). It consists of a
rectangular membrane with equal edge lengths L (other membrane shapes, e.g.
circular, are also possible) and a rigid ring mass added to the membrane. At
the inner diameter of the ring mass the membrane material is open-allowing
air particles to pass through the circular channel which is‘formed by the ring
mass. As shown in the cross-sectional view in Fig. b), the ring mass, similar
to the neck of a Helmholtz resonator [35], confines a small air volume which
acoustically acts like an additional mass. The resulting vibrational amplitude
of the fluid volume inside the perforation is denoted with gy, while the mem-
brane displacement amplitude is‘given by ,,. For perforation diameters much
larger than the acoustic boundary layer thickness it is assumed that the viscous
coupling between the fluid volume and the ring mass is comparatively weak, so
that the displacement amplitude of the air volume can be considerably different

than the displacement amplitude of the ring mass. Since no mass is added, this

(b) (©) 7

Figure 1: Schematic representation of the proposed perforated MAM (PMAM) unit cell. (a)
Isometric view of a PMAM with added ring mass; (b) Displacement amplitudes of the MAM
and the air volume inside the perforation; (c¢) Definition of the surface parts on the PMAM

unit cell.
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approach offers a weight efficient alternative to previous strategies for enhancing

the bandwidth of MAMs.

2. Theory

The normal incidence sound transmission factor ¢ = p;/p; of the proposed
PMAM unit cell is obtained analytically by calculating the effective surface
mass density m” of the structure. This quantity can be defined in analogy to
Newton’s second law as m” = (Ap)y,/(a)y, [6], where Ap is the pressure am-
plitude difference across both sides of the PMAM and a is the surface normal
acceleration amplitude. (--)y, denotes the surface average of a quantity along
the whole PMAM surface ¥ which is given by the union of the MAM surface
Y, and the cross section of the perforation ¥y (i.e. ¥ = X, UX, see Fig. c))
Normally incident waves are considered, which means that the pressure ampli-
tude difference Ap is uniform, i.e. (Ap)y, = Ap. The time dependence of the
acoustic pressure fields and the MAM wvibration is harmonic. Therefore, the ac-
celeration amplitude can be expressed in terms of the displacement amplitude as
@ = —w?w. Furthermore, since ¥ is composed of ¥,,, and 3, the surface average
of 1 can be split up into two parts with ()5, = (1 — 00) ()5, + 00 (Wo)x, ,
where 0o = 7r3/L? is the perforation ratio and rg is the radius of the perfo-
ration. This yields the following expression for calculating the effective surface
mass density of the PMAM

= = . 1)

—w? [(1 = 00) (m)s;, + 00 (10)s5;, ]

Some rearrangements and simplifications can be applied to Eq. in order
to obtain a more convenient expression for m': First, the effective surface
mass density of the unperforated MAM, defined as m,, = (Ap)s/(Am)y, =
Ap/(—w? (y)y) is introduced. This quantity can be readily obtained from
measurements, numerical simulations, or analytical models of MAMs (e.g. [30],

37)). With ()5, = (1 = 00) (Wm)y;, + 00 (Wm)yx, this leads to

CA _ 1 (2)

L/, — oow? (o — W)y, /AP

4
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The ring mass is relatively heavy compared to the mass of the air volume en-
closed inside the perforation and it is fixed to the membrane material. Therefore,
it can be expected that along the relatively small perforation surface w,, < wq
for most frequencies, except around the resonance frequencies of the MAM,
where the mass displacement can become quite large. Thus, denoting the sur-
face average of the particle displacement amplitude inside the hole by wq, Eq.

is simplified to
~ 11 1
1/mm — oow?wo/Ap

()

Careful inspection of Eq. (3]) reveals that the effective surface mass density of
the PMAM can be understood as a parallel assembly of two individual effective
surface mass densities. These are the effective surface mass densities of the

MAM 7n!" and the perforation with the MAM fixed m{ = Ap/(—oow?wy):

1 1 1 ml my
= — — T e— #
m!! - m!’ + m or, M= + m! (4)
m 0 0

~/I

The relationship in Eq. indicates that if the magnitudes of m! and m,
are substantially different (for example at the MAM anti-resonance frequency,
where M/, — oo0) the lower surface mass density dominates the sound trans-
mission through the PMAM. This can be explained by the fact that acoustic
waves prefer to follow the sound path with the least resistance, similar to sound
waves bypassing a solid.object through small gaps. However, if m! and m{
are similar in-magnitude, the mutual acoustic interaction between the MAM
and the perforation can lead to very large effective surface mass densities of
the PMAM. When both !/, and m( are equal in magnitude and have oppo-
site signs, the denominator in Eq. vanishes and m” goes to infinity. This

can be explained physically as follows: If g = —m/,, then it follows from the

definitions of the effective surface mass densities that my = Ap/(—oow?wy) =
—Ap/(—w? (W, )s) = —mll,. Using the perforation ratio o, this expression can
be reformulated as mrwy = —L? (iy,)y. This shows that, for a given uniform
Ap, m"” — oo when the air volume squeezed through the perforation is exactly

equal to the air volume displaced by the MAM in the opposite direction. The

MAM vibration and the vibration of the fluid inside the perforation are out
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of phase by 180° and the net displaced fluid volume becomes zero. Hence, in-
stead of being radiated into the far field, the sound energy is trapped inside
an acoustic near field. In this near field the pressure difference Ap between
both sides of the metamaterial is compensated by a dynamic airflow through
the perforation. A similar effect has already been observed in the case of MAMs
with ventilated surroundings [26] B8] 39]. In the present case, however, this ef-
fect is realized by perforating the membrane material itself without requiring a

specifically designed frame structure.

3. Results

Analytical calculations of the effective surface mass density m” of a PMAM
with an edge length of L = 46 mm have been carried out using the relation
given in Eq. . It should be mentioned that Eq. has been derived under
the assumption that the vibration amplitude of the membrane material is much
smaller than the particle displacement inside ‘the perforation. As discussed in
the previous section, this assumption is reasonable for most frequencies, except
for the resonance frequencies of the MAM. Thus, Eq. must be used with
care in the vicinity of these frequencies. However, in the following analysis the
m” of the PMAM will also be evaluated at the MAM resonance frequencies in
order to quantify how strict this limitation is by comparison with experimental
data.

The membrane material of the PMAM sample is Oracover, an iron-on film
with-a surface mass density of m//, = 103 g/m? and a prestress of 210 N/m. As
shown in Fig. [1l a steel ring mass with an outer radius of r); = 3 mm, inner
radius g = 1.5 mm, and thickness by = 2 mm (thus, the added mass equals to
M = 333 mg) is attached to the center of the rectangular membrane. The total
surface mass density of the metamaterial is given by m/., = m! + M/L? =
260 g/m?. As mentioned above, the membrane is perforated across the inner
cross-section of the ring mass to create the proposed PMAM and the resulting

perforation ratio is g = 0.33%. The material properties of the ambient air are
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given by po = 1.225 kg/m? for the density, ¢y = 340 m/s for the speed of sound,
and 7y = 18.1 uPa s for the dynamic viscosity.

The effective surface mass density of the unperforated MAM !, has been
calculated using an analytical model for MAMs with general mass shapes [37].
my can be expressed in terms of the hole impedance Zy = Rg + iwMy =
Ap/(iwwg) as My = Zy/(0piw), where Ry denotes the resistance due to the
viscosity of the air and wM denotes the mass reactance of the fluid inside the

hole. Analytical expressions for Ry and Mg are available in the literature, e.g.

[40], where
8noho X2 \/éX’I“O
Ro = 14+ — )
07 T2 (\/ I (5)
and

1 To
Mo = poho (1 + e + 172 ), 6
o °< 9+05X2 ho) )

with the perforate constant X = rg m . It can be seen that My is propor-
tional to the hole length hg (corresponding to the thickness of the ring mass)
and linearly dependent on the normalized hole radius ro/hg. Thus, by adjusting
these geometrical parameters, the inertia of the perforation fluid volume can be
easily modified.

The analytical results for the effective surface mass densities of the unperfo-
rated MAM /., the perforation my, and PMAM m/ are shown in Fig. [2] with
the magnitudes-and phase angles given in Figs. a) and (b), respectively. Ad-
ditionally, the frequency bands with positive (PB) and negative (NB) effective
surface mass density are indicated for the MAM and PMAM in Fig. [2(c). These
frequency bands have been identified by evaluating the phase angle shown in
Fig. b): Phase angles of —7 ...0 correspond to a positive real part of the
effective surface mass density and thus are attributed to the PB bands. Phase
angles from —m to —7, on the other hand, yield a negative real part and there-
fore correspond to the NB bands. The thin dotted line in Fig. b) indicates
the boundary between the PB and NB bands.

The absolute value of m/, in Fig. 2fa) follows the well-known qualitative

behavior of the effective surface mass density of MAMs [36] with two visible
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Figure 2: Effective surface mass density of the PMAM | the unperforated MAM !/, and
the perforation fluid volume (] normalized by the surface mass density of the membrane
material m//. (a) Magnitude; (b) Phase angle; (c) Frequency bands with positive (PB) and

negative (NB) effective surface mass density.

resonances, where |/, | — 0, and an anti-resonance in between, where |/ | —
00. Due to the negligible damping in the given membrane material, the phase
of M’ undergoes rapid changes from —m to 0 at the first resonance frequency
and back from 0 to —7 at the anti-resonance. The surface mass density of the
perforation my, on the other hand, is nearly independent of frequency with
my &~ Mg/oo ~ 1.7 kg/m?. The imaginary part of /m} is close to zero due to
the negligible resistance term for the given perforation geometry and therefore
argmyg =~ 0, as shown in Fig. (b)

In Fig. 2fa), those intersections of |/!,,| and || are marked with circles,
where the phase difference of those quantities is simultaneously = 7, so that
the anti-resonance condition M, = —my is fulfilled for the PMAM configura-
tion. At these two frequencies the PMAM effective surface mass density m'

is considerably larger than m/ and m{ with two anti-resonance peaks visi-
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ble in the spectrum. The maximum values at those peaks, however, are not
approaching infinity, because the phase difference between m!/, and my is not
exactly m but slightly less than that since the resistance Ry of the perforation
is non-zero. From Eq. it follows that even slight deviations d¢ from the

ideal phase difference 7 reduce the peak magnitude value of the PMAM surface

1
m

mass density to |[m”| = |m!|/|0¢|. Thus, the higher the perforation resistance
R, the smaller the maximum effective surface mass density at the PMAM anti-
resonances. Comparing the phase angle distribution of the PMAM with that of
the unperforated MAM in Fig. b)7 it can be seen that the PMAM’s-m” un-

dergoes a much smoother phase change at the anti-resonance frequencies than

"

v at the MAM anti-resonance. This can also be attributed to the resistance

m
Ry of the perforation: The damping due to the frictional losses in the perfora-
tion smears out the anti-resonance phase change over a certain frequency band.

For the MAM’s m/

m?

on the other hand, a sudden phase jump is observed in
Fig. (b), because the membrane material is assumed to be undamped.

In order to modify the two anti-resonance frequencies of the PMAM, the
perforation mass reactance wMj can be increased by increasing the perforation
length hg. Thus, the dash-dotted line in Fig. a) is shifted upwards and the
encircled intersections move to-lower frequencies because the effective surface
mass density of the unperforated MAM is unchanged. Increasing the perforation
radius g, on the other hand, also increases the perforation mass reactance. But
since the perforation ratio oy is proportional to the square of rg, my is effectively
reduced when rg is increased. Thus, the anti-resonance frequencies will be higher
for larger perforation radii, provided that the added mass magnitude M is kept
constant by choosing appropriate mass geometries.

The negative effective mass band-gaps of the PMAM, as shown in Fig. c),
are smaller than the MAM band-gaps. The first band-gap of the unperforated
MAM extends from 0 Hz to the first MAM resonance frequency. The PMAM,
however, is dominated by the perforation behavior at very low frequencies, which
is characterized by a positive effective surface mass density. Thus, the first

band-gap of the PMAM extends only from the first anti-resonance frequency to
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the first MAM resonance. The extent of the second band-gap is also reduced,
because the second anti-resonance of the PMAM is at a higher frequency than
the MAM anti-resonance.

In order to investigate the normal incidence sound transmission of the pro-
posed PMAM unit cell experimentally, an unperforated and a perforated MAM
test sample with the same properties as given above have been measured inside
an impedance tube using the 4-microphone-technique [4I]. The measured re-
sults for the transmission loss TL = —201log; || and transmission factor phase
are given in Figs. [B[a) and [3(b), respectively. These figures also show-the pre-
dictions from the analytical model using the mass-law relationship for ¢ with the
corresponding effective surface mass densities, given by t = (1+iwm” /(2Zy)) L.
Additionally, the mass-law transmission loss of an equivalent wall with the same
surface mass density as the PMAM test sample m/., = 260 g/m? is given in
Fig. B(a) for comparison (gray dash-dotted line).

As can be seen in Fig. the measured values and analytically predicted

data agree well in both MAM and PMAM configurations. Even at the first

~20logy |t (dB)

(b) o
2 Foeso0ang :—D-Dc: .
o 1 o o
b:;f’ 0F o ! i
o ful o Perforated
-5 F o8, o - - - - Unperforated |
—-=—-= Mass-law
102 103

Frequency (Hz)

Figure 3: Analytically calculated (lines) and measured (symbols) acoustic transmission factor
t of the PMAM and unperforated MAM. (a) Transmission loss TL = —20log; |t|; (b) Trans-

mission factor phase.

10



235

240

245

250

255

260

MAM resonance frequency around 200 Hz a good agreement between the the-
oretical calculations and the measured data can be found, despite the limited
applicability of Eq. at the MAM resonances. This can be attributed to the
damping effect of the sound radiated by the membrane, which strongly limits
the vibration amplitude of the membrane at resonance.

The anti-resonance frequencies of the PMAM are slightly underpredicted
by the analytical model, which can be explained by the empirical formula @
slightly overpredicting the air volume mass inside the perforation. As already
observed in Fig. [2| the two TL peaks of the PMAM (24 dB and 34.dB) are
not as high as the MAM peak (52 dB). However, at frequencies below the first
MAM resonance at ~ 200 Hz, the sound reduction of the PMAM is considerably
improved over the MAM TL due to the new anti-resonance. At this peak, the
PMAM TL is nearly 18 dB higher than the MAM TL.

It should be mentioned that at the very low-frequency end of the TL-
spectrum shown in Fig. [3] the sound transmission loss of the PMAM becomes
smaller than that of the unperforated MAM. This is caused by the sound waves
passing through the perforation, which, well below the fundamental resonance
frequency of the MAM, acts like a leakage to the incoming sound waves. Thus, in
the limit f — 0, the PMAM transmission loss approaches a constant value corre-
sponding to the static air flow resistance of the perforation. The sound transmis-
sion through the MAM, on the other hand, becomes vanishingly small due to the
stiffness-effect of the simply-supported membrane edges below the fundamental
frequency. In practical applications of MAMSs, however, this stiffness-controlled
sound transmission regime is not particularly relevant, because the ideal simply-
supported edge conditions can rarely be reproduced on large and lightweight
structures [33, 42]. This should be taken into account when comparing the
performance of perforated and unperforated MAMs at very low frequencies.

In order to illustrate the relationship between the two anti-resonance fre-
quencies of the PMAM, fp; and fpo, and the perforation geometry (defined by
ho and 1), parameter studies have been performed using the theoretical model.

In these calculations, the perforation length hg has been varied between 0 (i.e.

11
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a vanishingly thin disc) and 10 mm (i.e. a long tube) and the perforation radius
ro between 0 (i.e. no perforation) and 2.5 mm (i.e a very thin-walled ring mass).
All other parameters have been kept the same, as described in the beginning
of this section. In particular, the added mass M has been kept constant in
order to emphasize the mass-neutral tunability of the PMAM anti-resonances
by changing the perforation properties. In practice, a constant mass M can be
achieved by choosing suitable geometrical shapes and materials for the added
mass (e.g. a conical shape for increasing the perforation length).

The parameter study results are shown in Fig.[d] The solid lines represent the
variation of the anti-resonance frequencies with the air viscosity 79 = 18.1 pPas.
For comparison, the dashed lines indicate the frictionless case with ny = 0, so
that the resistance part Rg in the hole impedance Zj is zero. The horizontal
dotted line in Fig. [4] corresponds to the anti-resonance frequency of the unper-

forated MAM at 290 Hz.

| —— with friction = - - - without friction
500 T T T T
. (a)
£ 300 oo
“‘, MAM anti-resonance frequency
‘& 200 \ ]
100 1 1 1 T
0 2 4 ho (mm) 6 8 10
400 T T
S B00 b T
j MAM anti-resonance frequency
™
& 200 -
;& 100 + ”_-—‘ =
0 -~ 1 1 1 1
0 0.5 1 1.5 2 2.5
ro (mm)

Figure 4: Relationship between the two anti-resonance frequencies of the PMAM fp; and
fp2 and the perforation geometry. All other parameters are kept constant. The dashed lines
indicate results for the frictionless case with no = 0. (a) Perforation length ho; (b) Perforation

radius rg.

12
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The relationship between the anti-resonance frequencies and the perforation
length shown in Fig. (a) confirms the expected behavior discussed in the con-
text of the effective surface mass density shown in Fig.[2] As hg increases, both
anti-resonance frequencies are shifted to lower frequencies as the fluid mass Mg
trapped inside the perforation increases according to Eq. (@ The anti-resonance
frequency of the unperforated MAM serves as a lower bound for the second anti-
resonance frequency of the PMAM, while fp; (theoretically) approaches 0 Hz as
ho — oo. The influence of the air viscosity on the anti-resonance frequenciesis
vanishingly small within the investigated range of perforation lengths; because
the perforation radius rg = 1.5 mm is comparatively large so that the resistance
term R, is small compared to the reactance wMj.

The influence of the perforation radius ry on the anti-resonance frequencies
is shown in Fig. b). At ro = 0, the second PMAM anti-resonance frequency
equals the unperforated MAM anti-resonance frequency and fp; is zero. For
increasing 7o, both anti-resonance frequencies become larger. As already ex-
plained in the discussion of Fig. [2| this can be attributed to the quadratically
increasing perforation ratio gy which effectively decreases the effective surface
mass density of the perforation my. An interesting observation can be made for
the variation of the first anti-resonance frequency at small values of ro: When
friction inside the perforation is considered, fp; remains near-zero for small per-
foration radii-up to 0.3 mm. The curve for the frictionless case is substantially
different to that in this parameter range. This observation can be attributed to
the friction leading to a choking of the particle flow through the orifice when the
diameter is too small. In that case, the PMAM behaves like an unperforated
MAM- at low frequencies, until a certain critical radius (in this case approxi-
mately 0.3 mm) is reached and the fp; relationship approaches the frictionless

case.

13
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4. Conclusions

In conclusion, perforated MAMs have been investigated in this letter using
analytical and experimental methods. It has been shown that the air volume in-
side the perforation represents an additional degree of freedom which introduces
a new anti-resonance between 0 Hz and the first MAM resonance. This addi-
tional peak appears without any additional mass incorporated into the system
and can be tuned by selecting suitable properties for the perforation geometry,
as shown in Fig. [l The TL at the new anti-resonance exceeds the correspond-
ing mass-law considerably by over 25 dB. The analytical model, based upon
the effective surface mass densities of the unperforated MAM and the perfora-
tion itself, showed very good agreement with the measured data. Apart from
increasing the reflectivity of MAMs, PMAMs are expected to be also applicable
as lightweight absorbers, e.g. backed by a closed cavity similar to a conventional

Helmholtz resonator.
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Figure Captions

Figure 1 Schematic representation of the proposed perforated MAM (PMAM)
unit cell. (a) Isometric view of a PMAM with added ring mass; (b) Dis-
placement amplitudes of the MAM and the air volume inside the perfora-

tion; (c) Definition of the surface parts on the PMAM unit cell.

Figure 2 Effective surface mass density of the PMAM m”, the unperforated
MAM ! | and the perforation fluid volume 7y, normalized by the surface
mass density of the membrane material m/ . (a) Magnitude; (b) Phase
angle; (c¢) Frequency bands with positive (PB) and negative (NB) effective

surface mass density.

Figure 3 Analytically calculated (lines) and measured (symbols) acoustic trans-
mission factor ¢ of the PMAM and unperforated MAM. (a) Transmission

loss TL = —201log, |t|; (b) Transmission factor phase.

Figure 4 Relationship between the two anti-resonance frequencies of the PMAM
fr1 and fpo and the perforation geometry. All other parameters are kept
constant. The dashed lines indicate results for the frictionless case with

no = 0. (a) Perforation length hg; (b) Perforation radius rq.
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