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Abstract

Purpose — The greater of two distances (Balanced Field Length or Takeoff Distance +15%)
results in the Takeoff Field Length (TOFL). The TOFL is a takeoff distance with safety margins
according to Certification Standards for Large Aeroplanes by EASA (CS-25) and FAA
(FAR Part 25). Simple analytical approximations for the TOFL are checked against more
demanding numerical simulations to determine the validity of the simple solutions and to
implement adjustments for them as necessary. The analyses are focused exclusively on jet
aircraft with two and four engines.

Methodology — The differential equation of the aircraft's acceleration is solved in MATLAB
together with varying engine failure speeds. Analytical calculations of the Balanced Field
Length by Torenbeek, Kundu, and Loftin are investigated. This includes the evaluation of
statistical data.

Findings — Analytical approximations deviate by 0.1% to 28.2% from the numerical solution.
The most accurate analytical approximation is the simple method proposed by Loftin based on
statistics. It shows deviations of less than 5.4%. The results confirm that the TOFL for jets with
four engines is determined by the Takeoff Distance +15%, while for jets with two engines, the
Balanced Field Length is decisive for TOFL.

Research limitations — Simplifying assumptions had to be made e.g. regarding rotation time
and speed, flap geometry, and asymmetric drag. While ground distances were solved
numerically from acceleration and deceleration, air distance and rotation distance had to be
determined analytically.

Practical implications — A reliable and tested analytical procedure is useful for quick aircraft
performance estimates and to include an inverse TOFL method into aircraft preliminary sizing.
Originality — This seems to be the first report to provide a systematic check of available
analytical approximations for the TOFL in comparison with a numerical solution.
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Kurzreferat

Zweck - Der gréRere von zwei Abstanden (Balanced Field Length oder Takeoff Distance
+15 %) ergibt die Takeoff Field Length (TOFL). Die TOFL ist eine Startstrecke mit
Sicherheitszuschlagen gemal den Zertifizierungsstandards fur GroRRflugzeuge der EASA
(CS- 25) und der FAA (FAR Part 25). Einfache analytische N&herungen fir den TOFL werden
mit numerischen Simulationen verglichen, um die Gultigkeit der einfachen Ldsungen zu
ermitteln und gegebenenfalls Anpassungen vorzunehmen. Die Analysen konzentrieren sich
ausschlieBBlich auf Strahlflugzeuge mit zwei und vier Triebwerken.

Methodik - Die Differentialgleichung der Flugzeugbeschleunigung wird in MATLAB zusammen
mit unterschiedlichen Triebwerksausfallgeschwindigkeiten gelost. Analytische Berechnungen
der Balanced Field Length von Torenbeek, Kundu und Loftin werden untersucht. Dazu gehort
auch die Auswertung statistischer Daten.

Ergebnisse - Die analytischen N&herungen weichen um 0,1% bis 28,2% von der numerischen
Ldsung ab. Die genaueste analytische Annéherung ist die von Loftin vorgeschlagene einfache
Methode auf der Grundlage von Statistiken. Sie zeigt Abweichungen von weniger als 5,4 %.
Die Ergebnisse bestatigen, dass die TOFL bei Jets mit vier Triebwerken durch die Startstrecke
+15 % bestimmt wird, wahrend bei Jets mit zwei Triebwerken die Balanced Field Length fir
die TOFL entscheidend ist.

Limitationen- Es werden vereinfachende Annahmen getroffen werden, z.B. bezlglich der
Rotationszeit und -geschwindigkeit, der Klappengeometrie und des asymmetrischen
Widerstands. Wahrend die Strecken am Boden numerisch aus Beschleunigung, respektive
Entschleunigung gelost wurden, muf3ten die Strecke nach dem Abheben sowie die
Rotationsstrecke analytisch bestimmt werden.

Bedeutung fur die Praxis - Ein zuverlassiges und erprobtes analytisches Verfahren ist
nitzlich fur schnelle Leistungsabschatzungen von Flugzeugen und fiir die Einbeziehung einer
inversen TOFL-Methode in die vorlaufige Auslegung von Flugzeugen.

Originalitat - Dies scheint der erste Bericht zu sein, der eine systematische Uberpriifung der
verfigbaren analytischen Naherungen fiur den TOFL im Vergleich zu einer numerischen
Ldsung bietet.
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Task for a Bachelor Thesis

Background

The Takeoff Field Length (TOFL) is the takeoff distance of an aircraft including some margin
of safety. The TOFL is the greater of the Balanced Field Length (BFL) and 115% of the all-
engines-operative takeoff distance. The BFL is determined by the condition that the distance to
continue a takeoff following a failure of an engine at a critical engine failure recognition speed
(go case) is equal to the distance required to abort it (stop case). It represents the worst-case
scenario, since a failure at a lower speed requires less distance to abort, whilst a failure at a
higher speed requires less distance to continue the takeoff. V1 during takeoff is the maximum
speed at which the pilot is able to take the first action to stop the airplane (apply brakes) within
the accelerate-stop distance and at the same time the minimum speed at which the takeoff can
be continued to achieve the required height above the takeoff surface within the takeoff
distance. V1 is called Critical Engine Failure Recognition Speed or Takeoff Decision Speed.
The BFL is usually the distance that determines the TOFL for aircraft with two engines. With
some precision, BFL and V1 can only be determined numerically with a calculation / simulation
based on the integration of the differential equation describing the aircraft motion under BFL
conditions. This has been done by a student at HAW Hamburg before, however, the software
was written for a special purpose and cannot be used here. Simple analytical equations exist
that could possibly be used to approximate a BFL calculation. Textbooks (Torenbeek, Raymer)
for aircraft design claim to have such an equation. An  SAE-Paper
(https://doi.org/10.4271/2013-01-2324) claims to have an algorithmic approach. An
approximate function derived in flight mechanics for the distance to lift-off could be used with
a correction factor from aircraft statistics to determine the TOFL. This is reported by Loftin and
Scholz.

Task

Set up a calculation / simulation based on the integration of the differential equation describing
the aircraft motion under BFL conditions to output the BFL and V1. Compare with 115% of
the all-engines-operative takeoff distance to arrive at the TOFL. Provide this software for
general use. Check analytical functions that approximate BFL and TOFL and report about their
accuracy. You may try to increase the accuracy. The following sub-tasks should be considered
when working on this Bachelor Thesis.



e Present very briefly the fundamental principles from flight mechanics used in this thesis.

e Summarize the most relevant regulations regarding Takeoff Field Length (TOFL) and
Balanced Field Length (BFL).

e Present all equations and concepts necessary to calculate the individual distance
components from which the TOFL / BFL is finally determined.

e Perform a systematic review to find analytical equations for the approximation of the
TOFL / BFL. Include also all three above mentioned approximations. Calculate the
correction factor included in the approximation from Loftin.

e Set up a small aircraft statistic to check and improve the correction factor in Loftin's
approximation.

e Set up a numerical software to calculate / simulate TOFL / BFL.

e Use the software to determine the TOFL / BFL for a jet aircraft with two engines and a jet
aircraft with four engines. Comment on your findings from these numerical simulations.

e Compare the results from the numerical simulation with the analytical approximations and
comment on the usefulness of the approximations pure from literature and with own
improvements added.

The report has to be written in English based on German or international standards on report
writing
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Wing chord at the mid of the flapped area

Wing chord at the tip of the flapped area

Lift coefficient

Lift curve slope coefficient, flaps up (retracted / clean)
Lift curve slope coefficient, flaps down (extended)
Maximum lift coefficient (in specific flap configuration)
Wing root chord

Factor, asymmetric drag

Drag

Outer (engine) diameter

Fan diameter

Engine (inlet) diameter

Glide Ratio L/D

Span efficiency factor (Oswald Factor)

Oswald Factor with extended flaps (takeoff configuration)
Factor (Torenbeek 1982) v iimp — Vmin

Gas generator factor (thrust model, Bartel 2008)
Gravitational acceleration

Gravitational constant

Geopotential height
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Geometric height
Screen height (Nicolai 2010)
Pressure height

Screen height; 35 ft (transport Aircrafts); 50 ft (Military)

Screen height (Torenbeek 1982)
Height at transition from rotation to climb phase
Wing height (average)

Loop count variable

Factor k "clean" regarding induced drag coefficient
Factor regarding flap drag increment
Thrust coefficients (Scholz 1999)
Thrust coefficients (Bartel 2008)
Ratio lift curve slope 3D/2D

Flap span effectiveness factor

Ratio effectiveness parameter 3D/2D
Factor with respect to Cp estimation
Factor k with extended flaps (takeoff configuration)
Temperature gradient

Lift

Lever, VTP-MAC to CG

Mach number

A/C weight

Number of Engines

End of the loop (= rows of the matrix)
Load factor

Pressure

Sea level reference pressure

Dynamic pressure

Gas constant, air

Earth radius

Distance

Ruder surface area

Wing surface area

Flapped wing area

Flapped wing area, inboard

Flapped wing area, outboard

Wetted wing area

VTP area

Temperature

Thrust

Time
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Static thrust (1 engine)

Reference temperature at sea level
Idle thrust

Speed

Weight force

Thrust factor (Bartel 2008)

Lever, CG to (critical) engine position
Thrust factor (Bartel 2008)
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Greek Symbols

a Angle of Attack

ALoF Angle of Attack at when the A/C becomes airborne (lift off)
(ad)C,, Flap effectiveness parameter 3D

(ad)¢ Flap effectiveness parameter 2D

as Theoretical flap lift factor (based on extended chord ¢”)

y Slope, flight path angle

y Isentropic exponent

é Pressure ratio

¢ Flap angle

8T /S6H Temperature gradient, also L

Ac Chord increment estimation (due to extended flaps)

ACpof Zero lift drag coefficient increment due to flap extension
Aes Oswald Factor deviation due to flap deflection

Ascy, 2-dimensional lift increment due to flaps

Agcy, Lift increment based on extended chord ¢’

A¢Cy, 3-dimensional lift increment due to flaps, 4,C;,, = ACLo fiap
Asyo Inertia distance (Torenbeek 1982)

AT Difference (reference temperature - temperature at sea level)
ATog; Net thrust loss (1 engine)

Ns Lift effectiveness

@]i Angle characterizing relative flap (based on extended chord ¢”)
0 Temperature ratio

A Taper ratio

ABpr Bypass ratio (BPR)

U Friction coefficient

o Density ratio

¢ Factor: ground effect

@ Sweep angle

w,a Angular speed

W, & Angular acceleration
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Description

(ISA) Norm conditions

Refers to initial conditions
Refers to the decision speed v,
Factorized Takeoff Distance (+ 15%)
Refers to the safety speed v,
Aerodynamic

All Engine Operative

AIR (Airborne)

Asymmetric (drag)

Average

Braking

Bottom

Bypass ratio

Compressible

Calibrated Airspeed

Climb

Clean flap configuration, no flaps
Drag

Equivalent Airspeed

Engine Failure

Excess (Thrust)

Flaps dependent

Ground

(Landing) Gear

Indicated Airspeed

Kinematic

Lift

Minimum Control Speed Airborne
Minimum Control Speed Ground
Obstacle (height) also: screen height
One Engine Inoperative

Rudder

Rotation

Pressure

Screen (height), also: ()ypst
Speed of sound

Examples

Ao ,Po,Po»To
Vo, So, Lo

Uy

SToD,1.15

vy, Cpo

va

Sg,AE0) SR,AE0) VR,AEO
SAIR

ACDO,asym ) Dasym
vavv an’ TaV’ Tav
Fp, g

Tp:Ch

Agpr

qc

Ucas

Oct

CDO,clean

Cp

Vgas

VEF

F;?JCCESS

ACyo5, ACpo 5
Sgs Cpgs Crg, Vg
CDO,gear

Vias

Uk

CL

Umca

Umce

hobst

Sg,0EI» SR,0EI' VR,0EI
ACpor » Dg

SRy VR

hSC

Csa



Osp
Osym
O

Oras

Oro
Orr
Ov
Ow
Ow
Owm
Ox
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Spillage (drag)
Symmetric (drag)
Tip, Top

True Airspeed
Takeoff
Transition
Vertical Tailplane
Wind

Wing

Windmill (drag)
Engine failure Speed (Torenbeek 1982)

ACpo,sp
CDO,sym ' Dasym
T, Ct

VUras

CL,max,TO

STR

SV! lV/ AV

Uw

bW! hwa Swa aw
ACDO,wm

Uy



21

List of Abbreviations

AIC Aircraft

AEO All Engines Operative

AFM Airplane Flight Manual

AGD Acceleration Go Distance

ASD Acceleration Stop Distance

AOA Angle Of Attack

ASD Acceleration Stop Distance

BFL Balanced Field Length

BPR Bypass Ratio

CAS Calibrated Airspeed

DE Differential Equation

EAS Equivalent Airspeed

FCOM Flight Crew Operating Manuals
FODE First Order Differential Equation
IAS Indicated Airspeed

ICAO International Civil Aviation Organization
ISA International Standard Atmosphere
MSL Mean Sea Level

MTOW Maximum Takeoff Weight

OEl One Engine Inoperative b

TAS True Airspeed; also, Aerodynamic Airspeed
TOD Take Off Distance

TOFL Takeoff Field Length

VTP Vertical Tailplane
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List of Definitions

Calibrated Airspeed v ys:

The Calibrated Airspeed (CAS) corresponds to the Indicated Airspeed (1AS) corrected for the
instrument measurement errors resulting from the location / orientation of the measuring device.
For modern jets it can be assumed that IAS = CAS. (Scheiderer 2008)

Decision speed vy :

”The take-off decision speed, V1, is the calibrated airspeed on the ground at which, as a result of
engine failure or other reasons, the pilot is assumed to have made a decision to continue or
discontinue the take-off. The take- off decision speed, V1, must be selected by the applicant but
must not be less than VEF plus the speed gained with the critical engine inoperative during the
time interval between the instant at which the critical engine is failed and the instant at which the

pilot recognizes and reacts to the engine failure.” (Gudmundsson 2014)

Equivalent Airspeed v s:

The Equivalent Airspeed (EAS) is the Calibrated Airspeed corrected by the compressibility
effect that becomes relevant at high Mach numbers (forM > 0.3) and is decisive for the
calculation of the aerodynamic forces on the aircraft. (KluBmann 2007)

Engine Failure Speed:
“JAR/FAR 25.107 (a)(1) VEF is the calibrated airspeed at which the critical engine is assumed to
fail. VEF must be selected by the applicant but may not be less than VMCG.” (Airbus 2002)

Geometric Height h:

“Geometrie or tape line height is the vertical distance between a point and some datum level, usually
sea-level. In aircraft performance work it is normally confined to the context of ground clearance

and is used to define the height of, for example, buildings and mountains.” (Young 2001)

Geopotential Height H:

"The geopotential height H is an auxiliary quantity with which the potential energy of a fluid element
related to the mass can be described under consideration of the height variability of the acceleration
due to gravity (...) Thus, if we use the geopotential height H instead of the actual height coordinate

z, we can calculate with constant standard earth acceleration g,." (Kimmel 2007)

Ground Roll Distance:
“The ground roll is the distance from brake release to the initiation of the rotation, when the pilot
pulls the control wheel (or stick or yoke) backward in order to raise the nose of the aircraft.”

(Gudmundsson 2014)

International Standard Atmosphere (ISA):
“The International Civil Aviation Organization (ICAQ) Standard Atmosphere is a idealised model
of the atmosphere, which by international agreement, is used for aircraft performance analysis and
operation. This hypothetical vertical distribution of temperature, pressure and density is also called
the International Standard Atmosphere (ISA). The ICAO Standard Atmosphere is identical to the
U.S. Standard Atmosphere (1976 version) for heights up 32 km*“ (Young 2001)
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Indicated Airspeed vy s:
"Refers to the airspeed indicated by an airspeed indicator. The airspeed is determined by the airspeed
indicator indirectly by measuring the dynamic pressure. (...)" (KluBmann 2007)

The indicated airspeed is the velocity displayed on the primary flight display (PFD).
(See Figure 1.6).

Minimum Control Speed vy:

“The minimum control speed (VMC) of a multi-engine aircraft is a V-speed that specifies the
calibrated airspeed below which directional or lateral control of the aircraft can no longer be
maintained, after the failure of one or more engines. The VMC only applies if at least one engine is

still operative, and will depend on the stage of flight” (Wikipedia 2021a)

Minimum Control speed on Ground vyc:
“JAR/FAR 25.149 Minimum control speed (¢) VMCG, the minimum control speed on the ground, is
the calibrated airspeed during the take-off run, at which, when the critical engine is suddenly made
inoperative, it is possible to maintain control of the aeroplane with the use of the primary
aerodynamic controls alone (without the use of nose-wheel steering) to enable the take-off to be

safely continued using normal piloting skill.” (Airbus 2002)

Minimum Control Speed in the Air vycy:

Above the Minimum Control Speed in the Air vy ¢4 the aircraft can be controlled either:
* with a 5 maximum bank angle, or

* with zero yaw.

with one engine failed while the other engine remaining at Takeoff power. (Airbus 2002)

Minimum Unstick Speed vyy:

Minimum Unstick speed is the lowest calibrated airspeed at and above which the aircraft can
safely lift off the ground and continue the Takeoff without encountering critical conditions, The
critical conditions are defined as:

» The necessary angle of attack to lift off becomes is too great and the A/C gets into the danger

to hit the ground (tailstrike),

» The aircraft is too slow to maintain sufficient lateral control and a wing could hit the ground.
(Airbus 2005¢)

Pressure Altitude hp:

"Pressure Altitude. Indicates for a measured air pressure what altitude it corresponds to in the
standard atmosphere. The pressure altitude is therefore the flight altitude indicated by a barometric

altimeter at QNE setting." (KIuBmann 2007)

Rotation Distance:

The rotation distance (on the ground) starts with the rotation speed v; when the pilot first pulls
the stick (or yoke) and ends when the aircraft leaves the ground (lifts off at the lift-off speed
vior)- (Based on Gudmundsson 2014)
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Screen Height hg,:

The Screen Height is the height of an imaginary obstacle which the aircraft would just clear
when taking off with the landing gear extended. (CS-25.111). The screen height is also called
obstacle height. (Based on Nicolai 2014 and Young 2018)

Stop Distance:

The stop distance is the distance from engine failure recognition by the pilot (at v,) to zero
speed. It needs (by definition at least) 1 second for the pilot to notice the failure and further
actions (braking, idle thrust, spoiler) are executed in stepwise manner in the stop case after an
engine failure. (Based on Scheiderer 2008 and Young 2018)

Takeoff Distance (TOD):
The takeoff distance is the distance from releasing the brakes to reaching the screen height.
(Based on Young 2018)

Takeoff Field Length (TOFL):
The Takeoff Field Length is the longest of the following three distances:
1) Accelerate Stop Distance with an engine failure 1 sec before the decision speed v,
(without reverse thrust in case of a dry runway)
2) Takeoff Distance (OEI) until the screen height (35 ft) is reached with an engine failure
1 sec before the decision speed v,
3) Takeoff Distance with all engines operative (AEO) until the screen height (35 ft) is
reached plus an additional 15% safety margin
Note: Simplified it is often assumed, that vyr =~ v;. (Scholz 1999)

Take of Safety Speed v,:

“V2 is the minimum climb speed that must be reached at a height of 35 feet above the runway
surface, in case of an engine failure.” (Airbus 2002)

True Airspeed vy s:
The True Airspeed (TAS) corrects the Equivalent Airspeed for density deviations from the
reference density. (Based on KluBmann 2007)
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1 Introduction

1.1 Motivation

In engineering, the search for calculation methods to solve a defined problem leads to a variety
of (simplified) models and equations that promise results with just a few input parameters.
Partially detailed derivations and reference values are missing, to be able to weigh seriously,
how reliably the results can be, and/or which deviations from reality are to be expected.

In aircraft design, the required Takeoff Field Length (TOFL) represent a fundamental role with
regard to determining the dimensions and thus in specifying the maximum permissible takeoff
weight (MTOW). Aircraft design is an iterative process. In order to calculate initial values
without unreasonable effort, practicable analytical solution methods would be valuable, which
yield sufficiently accurate results with manageable effort.

1.2  Title Terminology

All-Engines-Operating Factorized Takeoff Distance

The All-Engines-Operating Factorized Takeoff Distance TOD, 15 is defined as the distance
from releasing the brakes to reaching the screen height at 35 ft plus an additional safety margin
of 15% (=> factored takeoff distance TOD; ;5), which may be used to determine the required
runway length if the factored takeoff distance TOD, ;s is to be found greater than BFL
(see Figure 1.1). (CS 25.133).

e
<

STop

; r r V
Start Ve Vior 2V,
(brake release) I [ I
[ pTTTTTTTTTTTTTTT 1 I |
[ | SR = Sgago2 | | [ . v
| (R ! | I = )
N | I ! - h,.=35ft
ﬂ:z*ﬁ@mﬂ D e L_— —: - I J (screen height)
1 I ! |
| I
s I I I
I g.AE01 N Sp o
% /|{_>| |
! S4,AEO | SAIR !
: i
1
1

[
I
I
[
1< [
I |
(S I
| Factored All-Engine Take-Off Distance sppp;.45 = 1.15 sppp [
i< >

-

Figure 1.1 All-Engines-Operating Takeoff Distance (based on Young 2018)

hsc Screen height [m, ft]
Sgae0,1  Ground Roll Distance (All Engines Operative)
SR Rotation Distance (Sr = Sg,AE0,2)
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sgae0  Total Ground Roll Distance (Sg.a£0,1 + SR)

SAIR Air Distance
SToD Total Takeoff Distance
stop11s  Factored Takeoff Distance
V2 Safety Speed [m/s, kt]
VLOF Lift - Off Speed .
VR Rotation Speed

Accelerate Go Distance

The Accelerate Go Distance (AGD) is the distance needed to reach the screen height (35 ft)
from releasing the brakes in the event of an engine failure (see Figure 1.2). Note that the ground
roll distance has a section with all engines operating (sq 4£0), followed by a portion with one
engine inoperative s, og; 1 (@t v = vgg). The rotation distance sg (with one engine inoperative)
is determined separately. When reaching the lift-off speed v, ,r, the A/C finally lifts off and
reaches the obstacle height hg. at v = v,.

; . ‘ -
1:*:3"’ One engine inoperative
I Cd
| 7 7
Start | ‘VR ! LOF 21 2
(brake release) fg_.c_l_E_f}_E..____

= hge =35 ft
(screen height )

___________________

Figure 1.2 Accelerate Go Distance s, / Takeoff Distance s,p (Young 2018)

Sg,AEO Ground Roll Distance (All Engines Operative) [m, ft]
sg.oei.  Ground Roll Distance, with one engine inoperative (Ver ... vr)
sgoer2  Rotation Distance, with one engine inoperative (sg0g;2 = Sg)
Sg Total Ground Roll Distance (Vo ... vioF)

SAGD Acceleration Go Distance (Sq + Sair)

VEF Engine Failure Speed [m/s, kt]
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Accelerate-Stop Distance

The Accelerate—Stop Distance (ASD) consists of the summation of the following three parts:
1) the acceleration distance (s44£0) from brake release to the point of engine failure.

2) the distance until the pilot recognizes the engine failure sz, (tmin = 1 s => requirement)
3) the distance from the 1°*' reaction (brake actuation) until standstill ss;,,. (See Figure 1.3)

The pilot actions are applied in the order: brakes actuation, idle thrust, ground spoilers. For dry
runways no reverse thrust is to be considered regarding the performance calculations.

Start Ir/}:,‘;_ 1’] S[OP

(brake release) ol 12 I
51013 I
: =5 & 1
| =l & |
| R 12 :
=12 I
™ : 2oag |
h e 1

=g - mi 18 AN

Sasp

Figure 1.3 Accelerate Go Distance (based on Young 2018)

SRec Recognition Distance [m, ft]
Sstop Stop Distance
Sasp Acceleration Stop Distance

Air Distance

The Air Distance sy, (see Figure 1.1, Figure 1.2) is the distance from lift-off (at v, ,r, See
Figure 1.1, Figure 1.2) when the aircraft has completely lost contact with the ground, until the
obstacle height / screen height (35 ft) is reached.

Balanced Field Length

For given aircraft parameters (weight, engine thrust, flap setting), environmental conditions
(temperature, altitude, wind) and runway conditions (slope, surface), the takeoff distance is no
longer sufficient above a certain speed to bring the aircraft to a standstill before the end of the
runway. In the named case, the takeoff must be continued, and the aircraft takes off with a failed
engine. In doing so, the aircraft has to remain capable of reaching the required minimum speed
v, (safety speed) at an altitude of 35 ft (screen height) to ensure a safe climb. The limiting
speed above which a pilot is required to continue the takeoff is called decision speed v;. If the
engine fails early in the takeoff process, the required stop distance is still short. The distance
required to continue takeoff until a height of 35 ft is reached, on the other hand remains long.



28

The distance necessary to get to the screen height will eventually become less than the stop
distance with rising v,. The Acceleration Stop Distance (ASD) results additively from the
distance to accelerate to v, and the following stop distance to zero speed. The Take- Off
Distance (TOD) or Acceleration Go Distance (AGD) is the total distance from brake release
until the screen height is achieved. While the ASD rises with increasing v,, the AGD shortens
with growing v,. The required runway length in an One-Engine-Inoperative case (OEI)
represents the larger of the two distances. The distance that results when ASD and AGD are
equal is called the Balanced Field Length (BFL) and is thus the shortest possible required
runway length in case of an engine failure. In Figure 1.4 the BFL results from the intersection
of the ASD and AGD curves. In Figure 1.5 the BFL is visualized as a speed vs distance diagram.

A One-engine-inoperative FO['_ a given: )

Takeoff distance |  takeoff distance « airplane weight

« altitude

« temperature

« thrust setting

\ « flap setting

\ « runway slope
Accelerate—stop } « runway surface condition
distance }/_ Balanced V, « wind

L -
»

Balanced
field length

Vi

Figure 1.4 BFL distance vs speed (Young 2018)

ver:  Engine Failure Speed

2% (Balanced) Decision Speed
Vg! Rotation Speed

Vior: Lift — Off Speed

vy Safety Speed

Speed

Distance =
| Balanced Field Length -

Vior ® V2

Figure 1.5 BFL speed vs distance (based on Nicolai 2010)
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One-Engine-Failure Speed vgp
The speed at which an engine failure occurs.

Rotation Speed vy

During a takeoff, the pilot pulls the stick (or yoke) at a rotation speed (vy) to rotate the aircraft
until its liftoff angle of attack is reached. The vy speed is computed such that the airplane can
achieve the safety speed v, when reaching the screen height of 35 ft with one engine
inoperative. v, (magenta) and v, (blue) are indicated on the PFD (see Figure 1.6). vy is between
v, and v, and not explicitly indicated. All 3 speeds have to be determined by the pilot based
on the available runway, the environmental and runway conditions and the aircraft weight.

PERF INIT  DATA

RAD  FUEI SEC _ATC
FHED PP cOmm M

Figure 1.6 V1, V2, VR at PFD & MCDU, Airbus A3211

Stall Speed v, (CS-25.103 Subpart B)

Many commercial aircraft use v, as a reference speed based on a load factor less than 1g.
All operating speeds are derived from v ,,,;,,. The low-speed protection function "alpha limit"
cannot be overridden by the flight crew. Therefore, the airworthiness authorities have adapted
the definitions for specific aircrafts (such as the Airbus A320 & A340 with fly-by-wire).
Airworthiness authorities have agreed that a factor of 0.94 represents an adequate relationship
between vg;, and vy ,,;,, for corresponding aircrafts. This gives the following factors:

* vy =094 v4y,

* 1, =12-094 vy,

Note: The maximum lift coefficient C,,,4, (load factor n = 1g), results in the respective
configuration at the reference stall speed vgg = vgy14, While vg (load factor n <1g) can
no longer generate sufficient lift (due to stall) to support the aircraft weight (Figure 1.7).

! Screenshot: Microsoft Flight Simulator 2020, Airbus A321
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7 » Angle of Attack

<
-

CAS

Visig Vg

Figure 1.7 Stall speed Vslg => CLmax (Airbus 2002)

Takeoff / Liftoff Speed v, of
The speed when the Aircraft first becomes airborne, right after the main gear wheels lose
contact to the ground.

Wind Speed vy,

Regarding the aerodynamic forces, the true speed must be employed. For the distance
calculation, however, the kinematic speed vy, (ground speed) is decisive and the wind speed vy,
has to be considered (vectorially), where tailwind is defined negative and headwind positive
according to Figure 1.8 and (2.13). 50% of the headwind component of the nominal wind speed
has to be taken into account concerning the takeoff performance benefit, while 150% of the
tailwind component of the nominal wind speed must be considered with respect to the takeoff
performance penalty (CS-25.105).

Kinematic Speed Headwind True Airspeed Tailwind

- - - =
Vi Vw Vras Vw

| >< | >
| > |

ﬁT_AS ] _ﬁk
True Airspeed Kinematic Speed
. 1—5 - -
N Y
Uras Uk

Figure 1.8 Wind influence

In the context of this thesis no wind components are applied.
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1.3  Objectives

The objective of this thesis is to provide one analytical procedure each for Balanced Field
Length (BFL) estimation and (factorized) Takeoff Distance (TOD) calculation. Moreover, a
scope is to be defined in which these methods provide sufficiently accurate results and, if
necessary, adjustments shall be made.

Both the determination of the BFL and the calculation of the TOD traditionally involve
numerical calculations in which forces are evaluated as a function of velocity and which are
integrated stepwise. To solve the BFL & TOD analytically, some assumptions and
simplifications have been made (for example, applying an average speed to obtain a constant
drag, lift and thrust).

It should be clarified with the results of this work, which accuracy is to be expected with the
equations and procedures to be examined. Furthermore, it should be shown under which
conditions corresponding equations and procedures can be applied.

Although the focus of this work is on the TOFL, the results should nevertheless generally show
that corresponding models and equations should always be questioned at first but can deliver
sufficiently exact results under certain conditions. For this purpose, the limits of applicability
must be known, and the case-specific still acceptable tolerance must be defined. Thus, this work
shall sensitize to a certain extent to put corresponding thoughts first before a model or an
equation is used for the solution.
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1.4 Main Literature

Equations for the essential flight-mechanical relationships, assumptions and parameters are
mainly taken from the sources Gudmundsson 2014, Raymer 2012, Scheiderer 2008,
Scholz 1998, Scholz 1999, Torenbeek 1982, Young 2018, Nicolai 2010 partially supplemented
by and Young 2001 as well as Young 2005

The aircraft parameters for the sample jet were taken and / or derived based on Airbus 2005c,
Airbus 2005d, Nita 2010 and Jenkinson 2001

All V-Speeds ultimately depend on vs1g, whereas vs1g of the respective model depends on the
weight and is extracted from Airbus 2005a and Airbus 2005b.

The book that contributed the most content is Torenbeek 1982 and is by now available in several
new editions and is still one of the most relevant sources in aircraft design. Torenbeek 1982
provided approaches for, asymmetric drag effects, analytical BFL estimation, (balanced) v1

estimation, the lift coefficient increment due to fowler flaps and a braking distance factor.

The analytical procedures for calculating the BFL and TOFL are mainly based on the sources
Kundu 2010, Kroo 2001, Loftin 1980, Scholz 1998, Jenkinson 2001 and Torenbeek 1982.

The zero lift drag coefficient is estimated using a method according to Scholz 2017.

The span efficiency factors (Oswald Factor) for both the Airbus A320 and A340 are calculated
on the basis of Howe 2000 and modified based on Obert 2009.

A speed-dependent thrust calculation is determined in accordance with Bartel & Young 2008.
Young 2018 is the primary source in the stop distance calculation.

The simplified and numerical ground roll calculation is made on the basis of Scholz 1998.
The air distance and the drag generated from the flaps are calculated according to Nicolai 2010.
Basic mathematical relationships were worked out with Metzinger 2010 and Papula 2015.

The calculations of all distances and most parameters were supplemented by information and
notes from the script according to Scholz 1999 and Scholz 2015.

Literature apart from the sources mentioned above, had only a minor contribution to this report
and are always explicitly noted at appropriate points.
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1.5  Structure of the Report

The report is structured in eleven main chapters that are arranged in a consecutive order.

Chapter 2
Chapter 3
Chapter 4

Chapter 5

Chapter 6

Chapter 7

Chapter 8
Chapter 9
Chapter 10

Chapter 11

serves the reader to introduce the general theoretical principles.

describes the calculation of the V-Speeds and their dependencies to each other.
outlines the most relevant regulations for this thesis.

contains the analytical and numerical approaches for the determination of the
individual distance components to derive the Balanced Field Length and Takeoff

Distance.

provides numerical and analytical procedures to determine the Balanced Field
Length.

represents (with Chapter 5 and 6) the most essential part of this report and presents
analytical procedures to determine the Takeoff Field Length.

derives and summarizes the parameters of the sample aircraft.
gives an overview of the simulation results.
is a summary of the contents of previous chapters.

critically examines the results. This is followed by a recommendation for the
application of the analytical calculation methods based on the simulation results.
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2  General Theoretical Principles

2.1  Atmosphere

By transforming the Equation of state (2.1), (2.2) and inserting it into the Hydrostatic equation,
the basic equation (2.3) is obtained, which by means of integration of (2.4) leads to the height-
dependent pressure. In the troposphere (the takeoff process is limited to the troposphere) the
temperature gradient L is approximately negative constant -6.5 K / km up to 11 km.

Equation of state:

p
R 2.1)
Po
Po RL - TO (2.2)
Hydrostatic equation:
dp
o, 2.3
TR= P9 (2.3)
This results in:
[La=-[st
—dp = —J dH 2.4
0P p CRT (2.4)

With the pressure, density and temperature ratio according to (2.5), (2.6) and (2.7).

9 9
s=P _ (M)“ _ (i)“ 2.5)
Po Ty Ty
L-H\RT~' [ T\RI
azﬁz(l_ ) :(_) (2.6)
Po To Ty
Furthermore applies:
og=4/0 (2.8)
)
- — 2.9
P=Po'g (2.9)

o)
= = 2.10
P Po ( )
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R, Gas constant, air [K]
T, Reference temperature at sea level [K]
9o Gravitational constant [m/s?]
Po Sea level reference pressure [Pa]
p Pressure at a specific altitude [Pa]
AT  Difference between reference temperature and actual temperature at sea level [K]

h Geometric height [m]

Y Isentropic exponent, for air y=1.4 [-]

H Geopotential height [m]

L Temperature gradient [K/m]
T Temperature [K]

g Gravitational acceleration [m/s?]
) Pressure ratio [-]

) Temperature ratio [-]

o Density ratio [-]

Converted in non-Sl units. Lengths are given in feet, speed in knots.

1ms~! = 194384494 kt (2.11)
1ms~2? = 3.280839895 ft 572 (2.12)
Table 2.1 General constants
Designation Symbol Value Sl- unit
Isentropic exponent (air) 1% 1.4
Specific gas constant (air) RL 287.053 K1 m?s™2
Gravitational constant do 9.80665 ms~?2
Earth radius Fearth 6371103 m
Table 2.2 Constant parameter (troposphere, ISA)
Designation Symbol Value Sl-unit
(Reference) temperature (MSL)  To,sa 288.15 K
(Reference) temperature (MSL)  To,sa 15 ce
Temperature gradient L 6.5-1073 Km™
Speed of sound (MSL) ao,IsA 340.294 m s™!

Table 2.1 and Table 2.2 summarize all relevant constants in Sl-units, for the conversion of
velocities and heights.
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With (2.1) to (2.12) and the constants from Table 2.1 and Table 2.2, MATLAB produces
curves corresponding to Figure 2.1 for the temperature, density and pressure as a function of
altitude, whereby only the first 2000 ft are relevant for the performance calculations in the
context of this thesis for the takeoff. Although there are airports that rise even further above SL.
The highest airport (Dacheng Yading Airport, China) reaches 4411 m (14472 ft) above sea
level, with a runway length of 4200 m (13779 ft). (International Airport Reviews 2018)

x10*

25¢r

N
(S}
T

Altitude (m)

N
T

051

-60 -40 -20 0 20 0 0.5 1 15 0 2 4 6 8 10 12
Temperature (°C) Density (kg/mS) Pressure (Pa) %104

Figure 2.1 T(H) !/ p(H) !/ p(H) (based on McClamroch 2011)

2.2 Speed Conversion

The kinematic speed (also called ground speed) is the determining factor for the flight distance
and flight time. The kinematic speed ¥, results from the aerodynamic speed ¥, and wind speed
7,, components:

-

Vg = _)k + 1_7)W (213)

Uy Aerodynamic speed, equivalent to the True Airspeed (TAS) [m/s], [kt]
Uy Kinematic speed, (ground speed)

Dy Wind speed
Headwind: v, > 0

Tailwind: 7, <0

The vector notation is used once with (2.13) to emphasize the vector character for the velocities.
In the further course the vector arrow for the speeds is ignored.
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Static pressure source

. Correction for
measurement error correction

density
IAS —%—» CAS —%—» EAS | —o—» TAS
| TAS / a(H)
Compressibility ¢
correction Mach

Figure 2.2 Speed dependencies (based on Scheiderer 2008, p.67)

The relationships between the speeds are visualized in Figure 2.2. The Temperature, pressure,
and density change with altitude. The velocities are measured in the aircraft via pressure
measuring probes, which record the difference between the dynamic and static pressure. This
results in the indicated speed (1AS), the speed displayed to the pilot on the airspeed indicator.
However, the displayed speed is subject to error due to static pressure source errors, alignment
errors, density changes with altitude and energy differences on the aircraft fuselage due to flow
processes. Therefore, the actual pressure is not accurately recorded. If the positioning errors are
taken into account, the calibrated velocity (CAS) is obtained. In many modern commercial
aircrafts, the differences between IAS and CAS are usually negligible.

If compressibility effects are also accounted for, the result is the equivalent airspeed (EAS).
For compressible gases:

2

O'y_1

Vgas = @

(pg;l) + 1)y7_1 - 1] (2.14)

If, in addition, the decreasing density with increasing altitude is considered, the true airspeed
(TAS) is obtained:

%
Vras = %5 (2.15)

2 dc 5
VUras = @ — (p(H) + 1) -1 (2.16)

with dynamic pressure q.:

Y

—1) (Vcas\? y-1
dc = Do l(y - )-< ;25) + 1] ~1 (2.17)

Speed of sound at MSL.:



38

a, =y R T, (2.18)

Speed of sound as a function of altitude:

a(H) =y RT(H) (2.19)

or
a(H) = ay VO (2.20)

In addition to the velocities mentioned, the Mach number (at high velocities) is often decisive:

VUras
M = 2.21
. (2.21)

a(H) Speed of sound as a function of altitude [m/s], [kt]

Qo Speed of sound at MSL
M Mach number [-]
qc Dynamic pressure [Pa]

Note: For Mach numbers M < 0.3, the difference between EAS and CAS is marginal, and
(2.22) and (2.23) could be used for conversion.

Vcas = Vgas (2.22)
Vcas
Vras =2 (2.23)
Table 2.3 Example, speed conversion

Designation Sign Value
Height H 20000 ft 6096.00 m 6.10 km
Calibrated Airspeed Veas 250.00 kt 128.61 m/s 463.00 km / h
Equivalent Airspeed VEas 245.22 kt 126.14 m/s 454,12 km / h
True Airspeed Vras 335.95 kt 171.80 m/s 618.48 km/h
Speed of Sound a(H) 614.37 kt 316.03 m/s 1137.72km /h
Mach Number M 0.54681

The above example from Table 2.3 is visualized in Figure 2.3.
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Figure 2.3 Speed conversion (KCAS to KTAS)

1 1 1

Relationship between geometric height h and geopotential height H:

Tearth " H
h=——— 2.24
Tearth — H ( )

Teartn h
=4 2.25
Tearth + h ( )

Tearth ~ EArth radius [m]
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2.3  Lift Coefficients

If all geometrical parameters for the wing and the flaps are known, the lift gradients €., (wing)
and C,s (flaps) could be calculated. The lift coefficient would be determined according to
(2.26). For more detailed descriptions of some of the following contexts and geometries Chapter
7 and Chapter 12 of source (Scholz 2015) could be useful.

Lift coefficient C;(a,,, 5¢):

ac, acy,
CL(aW)Sf) = CLO +%-aw +E6f (226)
Crg = Cro+ Cra - aw + Crs - 6f (2.27)

Crg Lift coefficient, ground

Cro  Zero lift coefficient

CrLa Lift coefficient gradient, wing (9C,/da)
CLs Lift coefficient gradient, flaps (0C, /3Bk)
ay Angle of attack, wing

¢ Flap angle

Lift curve slope (Scholz 2015)

2mA

Cro(M) = 2.28
La(M) 2+ JAZ(1 + tan? g5y — M?) + 4 (2.28)
With the aspect ratio A:
A=Db2/S, (2.29)
A Aspect ratio [-]
Pso Sweep angle [rad] (at ¥2) [], [rad]
b,,b  Wingspan [m]

(2.28) applies to the "clean™ wing. For extended flaps, C; , changes as a function of the flap
angle. The relationships are described in Chapter 2.7.3 (High Lift Devices) and is shown in
Figure 2.4.

Converting sweep angle from ¢,, to ¢, at different positions:

(2.30)

tan gn = tanem =7\ 900 132

4(n—m 1—/1)
A
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4m-m 1-21
— - (.= 2.31
tan @so = tan ¢zs — 7 ( 100 1+ /1) (2:31)
m Position 1 (known angle)
n Position 2
Va5 Sweep angle [rad] (at ¥a) [rad]
2 Taper Ratio [-]

In addition to the flap angle &; the achievable lift gains of different high lift devices differ
significantly from each other. The relationship and further dependencies are described in
Chapter 2.7 (High Lift Devices) and ACyq fiqps aNd ACpg £14p5 are derived as a function of flap
angle for single slotted fowler flaps (used for the sample aircrafts Airbus A320 & A340).

Lift coefficient C, ():

ac
CL(a) = (Cpo + ACLof) + a_aL ‘a (2.32)
or
CL (a) - (CLO + ACLO,f) + CL,OC a (233)
ac,

Lift coefficient Cp(a, M) :
CL(a) = (CLO + ACLO,f) +a- CL,L‘( (M) (235)

Since v, ~ 1.13 vy, 4 (see Chapter 3.2) C, , can approximated with (2.36), (2.37):

2W
CL,Z ~ p SW v%,min — vs,lgz _ 1 (2 36)
CLmax,To Z—M/Z (1_13 vs,lg)z 1.132 ’
P SW vs,lg
Co= 1132 CLmax,ro (2.37)
Cp(o, M) Lift coefficient as a function of AOA and Mach number [-]
Cro Zero lift coefficient, for asymmetric airfoils typically 0.1 ... 0.5 e
Cra Lift curve slope gradient 9C, /0«
ACLo ¢ Lift increment due to flaps
Cpo Lift coefficient at lift-off, also C}, ;oF

Crmaxro  Maximum (takeoff) lift coefficient in a specific flap configuration
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w Weight force [N]

A Taper Ratio (= tip chord / root chord) [-]

A Stall Speed [m/s], [kt]
V2 min Safety Speed

S, Wing surface area [m?]

The lift curve gradient C; , changes with the Mach number, the aspect ratio, the flap angle.
Furthermore, it depends on the taper ratio, the aspect ratio, and the sweep angle. Figure 2.4
points out some dependencies of the lift curve gradient.

Lift Curve Slope

‘ 11

Figure 2.4 Dependencies for the lift coefficient?

2 Left: (Scholz 2015), Right: generated in Excel with parameters for an Airbus A320 (Chapter 8)
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2.4  Oswald Span Efficiency Factor

The e factor considers the deviation of the lift distribution over the wingspan compared to the
ideal condition. An elliptical lift distribution with e = 1 represents the theoretical
optimum (see Figure 2.5), i.e. the real Oswald span efficiency factor is smaller than 1 (typical:
0.7 <= e <= 0.85). The Oswald span efficiency is strongly dependent on the wing geometry.

BT

Figure 2.5 Optimal (elliptical) lift distribution (Frenslich 2022)

e<l1

For the purpose of this report, Howe's approach is used, as it takes into account the most
important relevant wing parameters. Howes's method is valid for subsonic flights (M < 0.95)
with aspect ratios A > 5:

Howe (e, clean wing):

1
e =
0.142+ f(A) A(10-t/c)%33  0.1(3N, + 1)) (2.38)
6 e
(1+0.12 M9) (1 + 052 (0,2) + & 1 A)00

f(A) =0.005[1+ 1,5 (21— 0.6)?] (2.39)
M Mach number
A Aspect Ratio
t/c Relative airfoil thickness
©25 Wing sweep
Ne number of engines ON the wing (Airbus A320 /A340 N, = 0)

For (2.39) there are no derivations from M = 0...0.3, therefore a value of M = 0.3 is used. The
dependence of the Oswald factor on ¢ and A is visualized with Figure 2.6.
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Figure 2.6 Oswald efficiency variation (Paape 2011)

For the takeoff, no speeds are reached at which compressibility effects must be taken into
account. For Mach numbers above 0.3, a detailed procedure of Nita 2012 is recommended. The
source (Nita 2012) provides a detailed (verified) approach for determining the Oswald Factor.
Howe's method has long been recommended as part of the aircraft design lecture at HAW for
estimating the Oswald factor and reaches results with deviations less than 10% according to
Nita 2012. The (improved new) method from Nita 2012 has been thoroughly investigated and
will be the suggested approach in the future, especially for Mach numbers at cruise speed. With
respect to this report, there are only minor deviations between the calculations with Howe
(A320: e = 0.795; A340: e = 0.783), therefore a simulation with adjusted values was not
performed. The calculations based on Nita 2012 result in slightly smaller Oswald factors (A320:
e = 0.783 ; A340-300: e = 0.77).
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2.5 Drag Coefficients

Estimation (McCormick 79) of drag coefficient (ground) Cp g4:

Clg
CD'9=CD0+¢.T[-3-A (240)
Induced drag:
CLg 2.41
CD,inducedqu'n__e_A (2.41)
It is common to add the drag increases due to the flaps and gear on Cpg creqn-
All Engines Operative (AEO) case:
Cpo = CDO,clean + ACDO,f + ACDO,gear (2.42)

In the event of an engine failure, there is an additional drag increment ACp g5ym, Which is
described in sections 2.5.2 to 2.5.4.

With One Engine Inoperative (OEI) the zero lift drag coefficient becomes:
Cpo = Cpo,clean + A4Cpo,r + ACpo gear + ACpowm + ACpo,r + ACpo,sp (2.43)

or
Cpo = CDO,clean + ACDO,f + ACDO,gear + ACDO,asym (2.44)

with the summed drag coefficient increment due to the asymmetric flight conditions
ACpo,asym = ACpowm + ACpor + ACpo sp - (2.45)

If an aircraft operates in proximity to the ground, the vortex sheet changes. This leads to a slight
increase in lift and a significant reduction in drag. The drag reduction mainly based on less
vortex drag is accounted for by the factor ¢:

(16 hyy/b)?

® = T¥ (16, /b)? (2.46)

The "clean™ zero drag coefficient is estimated according to Scholz 2017 with (2.47).

mAe
CDO,clean = 4 E2 (2-47)
max
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with the maximum lift to drag ratio E,,,,:

Enax = kEV A/(Swet/SW) (2.48)
and a factor kg
1 /
kE = E (77: e)/cf,eqv (249)

Equivalent surface friction coefficient cf,equ = 0.003

Cf,eqv

kg Factor, if unknown, statistic value => coefficient k; = 15.8
Cpo Zero-lift drag coefficient, total

Cpo clean Clean wing, without flap deflection 0.015 < Cp o < 0.04

Cp induced Induced drag

ACpo s Drag increment due to the flaps (for specific configuration)

ACpo gear Drag increment due to the gear

ACposp Drag increment due to the spillage effects of the failed engine
ACpowm Drag increment due to the windmill effect (by the engine failure)
ACpo,asym Drag increment due to the asymmetric flight conditions

ACpor Drag increment due to the asymmetric thrust (Compensated by the rudder)
e Span efficiency factor, typical: 0.7 < e < 0.85

Swet Wetted wing area [m?]

h,, Wing height (average), over ground [m]

2.5.1 Landing Gear Drag

The coefficient ACpg geqr IS estimated for the aircraft (Airbus A320-200 / A340-300) from

statistical mean values according to Figure 2.7 corresponding to the category "Large
Transports" (A340-300) and "Small / Medium Transports" (A320-200). The mean values are
transferred to Excel to extract polynomial functions depending on the flap angle &;.

0.04

ACDgear

0.01

General Aviation

D e e

0 10 20 30 40 50
Trailing Edge Flap Deflection (deg)

Figure 2.7 Landing gear drag coefficient (Nicolai 2010)
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2.5.2 Asymmetric Drag

With OEI-conditions the drag polar must be adjusted accordingly. According to Young 2018,
three main components increase the drag:

* gpillage drag,

e windmilling drag and

e yaw (control) drag.

The main contribution is provided by the rudder deflection, which is necessary to compensate
for the significant yaw moment created by the asymmetric thrust. (See Figure 2.8).

The asymmetric drag increases essentially with

 the distance of the engine from the center of gravity, or the line of symmetry [,
* the magnitude of the engine power T, ,

* the engine diameter (inlet) d;

and decreases with
e the VTP lever arm [, and
* the dynamic pressure (the velocity)

The amount of air that can pass through an engine in this condition will be substantially less
than what would normally occur in a fully functioning engine at the associated flight speed,
causing air to spill around the nacelle. This results in spillage drag. (Young 2018).

Additional asymmetric drag components:

* Airframe drag resulting from sideslip,

» vortex-induced drag related to the change in wing lift contribution,

* drag caused by the ailerons to compensate the asymmetric lift.

The (total) asymmetric drag is very difficult to capture. Within the scope of this thesis, the 3
essential parts "yaw-drag" and "windmill drag" and "spillage drag." are considered. Other
components are neglected.
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Figure 2.8 Asymmetric thrust condition (OEI), (Young 2018)

In order to estimate the corresponding drag increases, approximation methods according to
(Torenbeek 1982, Appendix G-8.3) are applied. For this purpose, the geometry of the vertical
stabilizer and the engines have to be determined first. Most relevant parameters could be
identified regarding the 2 sample aircrafts. Other geometries, such as the rudder surface area S,
the inner engine diameter d; (A340) and the sweep angle of the VTP ¢, (A340) are derived
(estimated) from the known quantities.

dfan

v

Figure 2.9 CFM56 (based on Air Team Images 2010)

The relevant engine geometry is illustrated with Figure 2.9.
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For the Airbus A320, all engine parameters could be defined on the basis of available sources.
For the A340, the inner diameter has to be estimated. Since the outer diameters and fan
diameters have the same ratios f,, it is assumed that this also applies (approximately) to the
inner diameter because the engines are very similar.

Table 2.4 Fan parameter
Sign A320 A340 Ratio
[ [m]  fq
Outer diameter d, 230 243 1.057
Fan diameter dfan 1.74 184 1.057
Inlet diameter d; 1.60 ?

Thus, the inner diameter can be determined with the parameters according to Figure 2.9, with
a factor from (2.50) and the values from Table 2.4.

diaz40 = fa " diazz0 = 1.69 M (2.50)

Figure 2.10 VTP parameters

For the required rudder and VTP geometry, H,, and c,, (Figure 2.10) are known. The remaining
geometric parameters are derived from scaled models from Airbus 2005¢ & Airbus 2005d and
calculated with (2.51) to (2.55) by means of trigonometry.

c:+c
S, = tz . H, (2.51)
e+ 1
S, = tz 2. H, (2.52)
_ Cﬂ) 180
@1/4 = arctan ( H, p- (2.53)
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Ct,1/4 == 025 - Ct

Cb,1/4- == 025 " Cp

(2.54)

(2.55)

Based on generalized data on plain flaps effectiveness, with (2.56) to (2.59), Torenbeek
presents a method for estimating the drag increment resulting from rudder deflection required

to compensate for the yaw moment in the event of an engine failure.

Drag increment due to rudder deflection (yaw moment):

2.3
ACpo *Sw = T VOr Sy (AVeff)
For a conventional VTP it is assumed that Ay, .. ~ Ay

_ ATy _&
av Sy ly

Yy

ATOEI == 1 ) To[A - Klv + szz]

qyv = 5V

ACpor [—] Drag increment, rudder

S, [m?] Rudder surface area

S, [m?] VTP surface area (incl. rudder)

T, [N] Static engine thrust, 1 engine

Ay (-] Effective aspect ratio, VTP

Qv [rad] VTP sweep angle

Cy, [—] Factor

ATog; [N] Net thrust loss (1 engine)

ACowm [—] Windmill drag

Ve [m] Lever, CG to (critical) engine position
ly [m] Lever, VTP-MAC to CG

Qv [Pa] Dynamic pressure regarding the VTP

/3
(cos QDV)l/3 : C&V

(2.56)

(2.57)

(2.58)

(2.59)

In order to demonstrate the corresponding correlations and contributions, an engine failure at
140 knots for an A320 was simulated in MATLAB. The results are visualized in Figure 2.11,
Figure 2.13 for the resulting drag and Figure 2.12 for the drag coefficient increments. The
"symmetrical™ drag contributions are all the remaining shares that are not caused from the

engine failure.
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It becomes clear that the rudder portion decreases with speed, which is primarily due to the
increase of the dynamic pressure, while all other portions increase. This relationship also
explains the limiting speed VMCG. At low speeds, the rudder force is not sufficient to
compensate for and asymmetric yaw moment. The rudder would have to deflect beyond the
maximum possible / permitted deflection angle.

Figure 2.14 shows that the drag coefficient ACp 4sym increases significantly with reduced
velocity. The curves approach asymptotically the y-axis. As a result, the ground roll distance
would increase disproportionately at low failure speeds and the braking distance would be
drastically reduced. For the study of BFL, only speed ranges that are beyond 100 knots are
included. Furthermore, when calculating the stopping distance, according to the time intervals
from Figure 5.9 and Table 5.8, the thrust of the remaining engine(s) is reduced to idle thrust
after 1.5 seconds, after which ACp 45, provides only an insignificant contribution to drag
(see Figure 2.14) and is set to zero. If ACp 4, Were to continue to be calculated stepwise until
reaching 0 knots, the values would continue to strive towards infinity even at idle thrust due to
the dynamic pressure, rendering the result unusable. For the distance in the air with a failed
engine, a constant velocity vy,,;, is assumed until reaching 35 ft, ACp 45ym , for this reason
ATogr , ACpowm and gy are determined based on v,,,,;,,. The remaining ground roll distance is
also determined as part of the BFL determination at velocities well beyond 100 knots.
Therefore, the procedure proposed by Torenbeek to calculate the drag increase due to
asymmetric flight conditions can be applied to all distance sections. An alternative approach
would be to calculate with constant average values for the asymmetric drag coefficient as
proposed in (Ehrig 2012).

Indices (Figures):
asym Total asymmetric drag increment (coefficient)

R Rudder
wm Windmill
sp Spillage

sym  Symmetric

Constant coefficients in Figure 2.12 are indicated on the Y-axis to avoid overloading the graph.
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Figure 2.11 Drag breakdown (engine failure A320 with, vgr = 140 knots)
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Figure 2.12

Asymmetric drag coefficient increment, A320 (vgr = 140 knots)
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2.5.3  Windmill Drag

Moving air entering an inoperative engine will cause the rotating assemblies to spin. The energy
needed to produce this effect, can be viewed as an effective drag force acting on the engine.
This is known as windmilling drag.

Windmill drag, Jet (Torenbeek 1982, S.554):

N O R S SR |
ACpowm * Sw = (dl 0t Tvot6m2 Y (1 v )> (2.60)
2 Uy Uy
AChowm = <0.1 T AR (1- 7)) <A, /Sw (2.61)
P. 2
Dym = ACp ym - 2 "V Sy (2.62)
s
Ay =d?-— (2.63)
4
Vret = Un/V (2.64)
vy /v 0.12 primary airflow of high bypass engines
0.25 for straight turbojet & turboprop engines
0.42 low bypass ratio engines, mixed flow
0.92 fan airflow of high bypass engines

v, Relative air speed

Ay Area of a nozzle

Uy avg velocity of engine nozzle flow
v Flight velocity

d; Engine inlet diameter

The dependence on the bypass ratio is illustrated with Figure 2.15 based on the A/C parameter
of Chapter 8. Although there is a dependency between the Mach number and the windmill drag
coefficient, it is almost constant over the speed (see Figure 2.16)
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windmilling drag coefficient
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primary airflow of high bypass engines (yel =0.12)

straight turbojet & turboprop engines (\r/el =0.25)

low bypass ratio engines, mixed flow (\r/el =042)

fan airflow of high bypass engines (\r/eI =0.92)

Figure 2.15 Windmill drag coefficient as a function of the relative speed
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Figure 2.16 Windmill drag, A320
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Figure 2.17 Windmill drag, comparison

For the four-engine jet, the windmill drag coefficient is significantly lower (see Figure 2.17)

An simpler approach from (Raymer 2012) gives similar results:

Jet:
(D/@wm =03 Ay (2.65)
Copwm 4" Sw
T = Cpwm *Sw = 0.3 Ay (2.66)
Ay engine front face surface area

2.5.4 Spillage Drag

The spillage effect can be estimated according to Torenbeek by the coefficient defined
in (2.68).

T
ACposp* Sw =0.1" i d? (2.68)
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2.6  Maximum Lift Coefficient at Takeoff

Definition of the lift coefficient Cy :

Dynamic pressure:

_n 2w
L7v2 ps

withn = 1and v = vy, (see Figure 1.7):

2w

CL =
,ymax SW p vglg

Conventional Stall Speed vy:
vs = 0.94 vgyy

With vy, from (Airbus 2005a) and (Airbus 2005b). (See Chapter 3.1)

(2.69)

(2.70)

2.71)

2.72)

(2.73)

The CLmax values, which result from the stall speeds of the FCOM according to Airbus data

are summarized in Chapter 8 in Table 8.8 and Table 8.9.

m AJ/C weight

w Weight force

Cimax  Maximum lift coefficient (in specific flap configuration)
Vg Stall speed

Vsig Stall speed at 1 g

n Load factor

q Dynamic pressure

[kl

[N]

[-]

[mis], [kt]
[mis], [kt]
[]

[Pa]

The aim of the method according to (2.72) is to be able to determine C;,,,4 as a function of the

flap position and A/C weight via vy, 4 (see Chapter 4.1).
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2.7 Influence of High Lift Devices

2.7.1 Geometric Definitions

Figure 2.18 and Figure 2.19 illustrate the relevant parameters of the flap geometry.

flapped wing area S,,, ¢ -

<

reference wing area S,,

Figure 2.18 Marked (blue) reference wing areas?

N
Cr ~ O

Figure 2.19 Flap parameter, (Scholz 2015)*

3 Modified cutout, the original image is a picture of an A340 (Airbus 2005d).
4 Edited
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by Flapped wingspan [m]
by i Flapped wingspan, inside
b¢ o Flapped wingspan, outside

c Airfoil chord (clean, without flaps)
op Flap chord
Cr ¢ Wing chord at the tip of the flapped area
Crm Wing chord at the mid of the flapped area
c’ Airfoil chord (extended flaps)
Cr Wing root chord
&f Flap angle [°], [rad]
Sw Flapped wing area [m?]
Sw i Flapped wing area, inboard
Sw fo Flapped wing area, outboard

The flapped area is obtained by adding the two trapezoidal areas considered separately as
defined in Figure 2.18.

SW,f = SW,fi + SW,fO (274)
c-+cC c +c
Sw.f/2 :bf,i.TTf'm_be’O.% (2.75)

The parameters b, bs, ¢, S, are known from (Airbus 2005c), (Airbus 2005d),

(Wikipedia 2021c) and (Wikipedia 2021d). Further parameters are derived from scaled models
from the same sources, supplemented by further image sources (see Chapter 8.1).

As illustrated in Figure 2.18, by definition the flapped wing area, is not the actual flap surface
area, but the wing area for the area over which the flaps span.
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2.7.2 Lift Increment

In the context of this thesis, the prototype aircraft are based on the Airbus A320 - 200 and
A340 - 300, both of which use "single slotted fowler flaps."

In this Chapter, (2.76) to (2.90), a method from (Torenbeek 1982, Appendix G) for estimating
the lift increase, is presented.

Afcl,i'nax :

—_—

Figure 2.20 Effect of flaps on lift (Torenbeek 1982)

Figure 2.20 shows that the lift coefficient and the lift curve slope change (increase) when the
flaps are extended.

) (as)Cy
A =A —= K 2.7

fCLo £Cl <Cla> (CZS)CI b ( 6)
(as)e, =1ns as (2.77)
AfCLo = Afclo Ka Kb KC (278)
K, =C/c, (2.79)

(as)Cy,
= (2.80)

¢ (as)c

Agcy, Lift increment 2D

K, Ratio lift curve slope 3D/2D

K, Flap span effectiveness factor (Figure 2.24)
K. Ratio effectiveness parameter 3D/2D (Figure 2.24)
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A Cy, Lift increment 3D, 4¢C;, = ACyg flap
(a8 )C, Flap effectiveness parameter 3D
(ad)c; Flap effectiveness parameter 2D
(a6)C, WL _ 1 ratio flap effectiveness parameter 3D / 2D
(ad )¢ (@8 )er
. c c'
Afclo = Afclo ? + Clo ? -1
Apcl = 2m s as Of
c O'c — sind’
dy=oq S f
Cla T
c
" — cos—1(2L _
Or = cos (2 7 1)
c'=c+Ac
y <Ac>
c=|l—" Cf
Cr
c' Increased chord due to extended (fowler) flaps
Agcy, Lift increment based on extended chord ¢’
Ns Lift effectiveness
as Theoretical flap lift factor (based on extended chord c’)
@]Z Angle characterizing relative flap (based on extended chord c’)
Ac Chord increment estimation (due to extended flaps)
0<4;=<5°
AC/cy = 0.0454 - 5¢
5<6;<45°

ns = —7.514 10—66;' +1.731 - 10—45f2 —2.294-10736; + 8.837 - 1071

AC/c; = 0.0053 - §; + 0.3997

(Figure 2.24)

(2.81)

(2.82)

(2.83)

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)

(2.89)

(2.87) to (2.89) are derived from Figure 2.21, respectively Figure 2.23 in Excel.
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bl ||
0 100 20 30 40"is 50° 60

I: Fixed hinge - a: zh/cf = .2

b: zh/cf .4
I1: Typical optimum flap position

a: single slotted

b: double slotted, fixed vane
111: Double slotted, variable gecmetry, with flap

extension

IV: Fowler --a: single slotted, double

slotted with fixed vane

b: double and triple slotted,

with flap extension

Figure 2.21 Lift effectiveness n, chord extension ratio Ac/c; (Torenbeek 1982)

Figure 2.22 illustrates the definition of the relative flap angle.

O

-
/2
AVAVE
N

Figure 2.22 Relative flap angle 0; (Torenbeek 1982)
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0.7
06 1.0 y =-7.514E-06x3 + 1.731E-04x2 -
' .- : 2.294E-03x + 8.837E-01
o : 09 ¢
0.5 - ; Tree.g
® 0.0053x+0.3997 ! 08 e,
0.4 y=Uu. X . E A -...
T =
- 0.7 p
S 03 po= e,
S| :
0.2 y =0.0454x - 7E-17 v 06 e
0.1 ! 05
! ®
0 : 0.4
01 10 20 30 40 i 0 20 40 60
6171 i 617

Figure 2.23 Chord extension estimate (left) / Lift effectiveness 5 (right)

Aspect Ratio
Figure 2.24 (Fowler) flap factors Ky and Kc

2.7.3  Lift Curve Slope Correction

According to (2.28), the lift curve slope coefficient (flaps retracted) is dependent on the aspect
ratio and the wing sweep angle @5, in addition to the Mach number. The influence of the flaps
is taken into account with (2.90) from (Torenbeek 1982).

ol A:C [’ c
a4 Lh [— (1-ZLsin?s;) - 1] (2.90)
CLa Arcyy | € c

Cla flaps down (extended)

Cra flaps up (retracted / clean)

AsC,,  three-dimensional lift increment due to flaps
Ascy, two-dimensional lift increment due to flaps
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Within the Mach number range of a takeoff, C;, , can be considered approximately constant
with only minor changes with a flap configuration.

2.7.4 Drag Increment

For the estimation of drag increase resulting from the extended single slotted fowler
flaps, (2.91) and the factor from Figure 2.25 based on (Nicolai 2010) is applied:

S
ACDO,f == k1 szL’f (291)
w

ACpo s Zero lift drag coefficient increment due to flap extension

ky Factor regarding flap drag increment (Figure 2.25)
k, Factor regarding flap drag increment (Figure 2.25)
3.0
t/c=0.12
2.5 021,
Slotted Flaps 030
2.0
ki
1.5 0.15
1.0 0.10 t/c=030,0.12,021
k2
0.5 0.05 Slotted
Flaps
0 0
0 0.1 0.2 0.3 0.4 0 20 40 60 80 100
¢lc & (deg)

Figure 2.25  Lift increment factors for single slotted fowler flaps (Nicolai 2010)
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2.7.5 Span Efficiency Factor

2

CL
Cpg =Cpot+¢- - eg-A (2.40)

(2.40) is often also represented with factor k according to (2.92).

CD,g = CDO + d) " k Cf’g (292)
with factor k (clean):
1
= 2.93
k mre A ( )

Both the Oswald factor e and factor k vary with the flap setting. From (Sun 2020) the
dependencies are estimated with (2.94) to (2.96).

For wing-mounted engines:
Aey = 0.0026 6¢ (2.94)

(2.94) is only valid for "modern” and efficient flaps (see Figure 2.26, DC-8-63, de /A& < 0).

The linear relationship in (2.94) was originally found by (Obert 2009, p.362-363) based on
statistical data from existing aircrafts presented in Figure 2.26.

Total Oswald Factor (takeoff configuration):
ero = e + des (2.95)
Factor k;, (takeoff configuration):

1
kpp = —
" %+7TAAef (2.96)
k Factor k "clean™
ko Factor k with extended flaps (takeoff configuration)
Aes Oswald Factor deviation due to flap deflection
ero Total Oswald Factor with extended flaps (takeoff configuration)
100 0.0060
‘e ) ’_?.'_‘,J__,,?‘::’;_‘Z.’ ﬁ% average «0.0026 . A
* %—%"é”fﬁﬁ-;j,’,'rsw"" 0.00401 8 3 S
,-‘,‘,152.-"& @ B 737-200 AD¥ i = 8 Hoia
T T N B - e P KR
ﬁ & Brey 500 38 2 ;;IEMT';T%:“
o o 20 30 40 %0 0 < q %3 03%‘3355::3
Flop setting §feg) Q ’

Figure 2.26 Increase in "Oswald Factor" due to flap deflection (Obert 2009)
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2.8  Speed Dependent Thrust

The thrust is highly dependent on the velocity, respectively the Mach number and the bypass
ratio. This dependence is taken into account in many literature sources with an equation of the
form according to (2.97).

Thrust T (v):

A<1

With (A = 1) coefficients K; , K, (Scholz 1999):

1
Ky =[2.44-107* - Agpp + 1.66 - 1073] —~ 2.98
1 [ BPR ]m/s ( )

KZ == [616 - 10_7 b ABPR + 4‘08 - 10_6] (299)

(m/s)?

Depending on the speed and the bypass ratio, the thrust curve is as shown in Figure 2.27.
1

BPR =1
BPR =2
BPR=4
BPR =6
BPR =8
BPR =10
BPR =12

095

09 r

0.85

F/FO

0.8 r

0.75

0.7 r

0.65 s s s s
0 20 40 60 80 100
v [m/s]

Figure 2.27 Thrust as a function of speed with varying bypass ratios (1...12)

The thrust in Figure 2.27 based on (2.97) can be used to derive thrust as a function of velocity
and BPR. Furthermore, the thrust varies with the altitude. In order to be able to take into account
the change in altitude with respect to the thrust in the context of parameter variation, an
approach from (Bartel 2008) is employed.
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Considering the height influence, (2.100) to (2.105) results:
T(M)=N-Ty - (A—ky-M?+k, - M?)

_0377(1 + Agp) 1

JA+082D)G  Po

ky = (0.23 + 0.19\/Appr) - X .pﬂ
0

D\ p
A=-04327{—) +1.3855|— )+ 0.0472
Po Po
p\? P
X =01377—) —04374-1{— )+ 1.3003
Po Po

B P\? p
Z =0.9106(—) —1.7736-(—) + 1.8697

Po Po

A, kq,ky, X, Z Coefficients [-]

To Static thrust (1 engine) [N]
N Number of engines [-]

v Speed [m/s]
T(v) Thrust as a function of speed [N]
ABpR Bypass ration (BPR) [-]

G Gas generator factor [-]

The constants regarding the atmosphere are summarized in Table 2.1 and Table 2.2.

Bypass Ratio @ SLS

Figure 2.28 Gas generator factor (Bartel 2008)

(2.100)

(2.101)

(2.102)

(2.103)

(2.104)

(2.105)
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The gas generator factor from Figure 2.28 can be mapped according to (2.106):

G = 0.061 Agpg + 0.633 (2.106)

H=0m

F/FO

04 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

M
Figure 2.29 Thrust (A320) as a function of Mach number and altitude

Note: The pressure as function of altitude is determined based on (2.5) or (2.9).

The idle thrust of the A320 and A340 are not available. An Airbus A320 or A340 can start
rolling with only idle thrust. Therefore, the idle thrust must provide enough thrust to overcome
the friction drag. u = 0.02 at v = 0 kt. Since this is only sometimes the case it needs to be less
the friction the A/C has to overcome. The idle thrust is assumed to be approximately 80% of
the friction (with an even runway).

Tigre = 0.8-pu-mg/N, (2.107)
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3  V-Speed
3.1 Stall Speed

3.1.1 Airbus A320-200

VS16 (CAS/Kt)
160

10 —— GEAR WP gONF-
140 -—=—- GEAR DOWN __| ]
- 1+F
130 =
/./ A_zz_
o A A
’/,-"/ .{ Z
A A <
110 Y O a7
y ¥ Lal”
A_A
100 A
% i
r/‘P
80
WEIGHT

40 50 40 70 80 (1000kg)

Figure 3.1 Stall speeds, vslg, Airbus A320 (Airbus 2005a)

From Figure 3.1, values for vy, ;, were extracted in 5000 kg interval. The results are summarized
in Table 3.1:

Table 3.1 vslg, Airbus A320

m [t] Conf 1+F Conf 2 Conf 3
80 137 129.5 128
75 133.75 125.5 124
70 129 121.5 119.5
65 124.5 117.5 115
60 119.5 112 110.25
55 114.5 107 105
50 109.5 102 110.25
45 103.75 97.5 95.5
40 97.5 915 90

In Excel, corresponding data points can be directly connected by trend lines.

From Table 3.1, the diagrams in Figure 3.2 result.
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Airbus Data
180

170
y = -5.8874E-09x? + 1.6865E-03x + 3.9709E+01

160

150
y =-5.4545E-09x% + 1.5559F-03x + 3.3326E+01
140

confi 0
@ confi 1+F
confi 2
confi 3

VS. 1g [ kt]
o

130 ,

120 o e

110 p e o rull

100
90

80
30000 40000 50000 60000 70000 80000 90000
m [kg]

Figure 3.2 Stall speeds, vslg, Airbus A320 (Excel)

Note: The stall speeds vs1g are determined experimentally at respective aircraft mass m by
stall speed maneuvers.

The corresponding 2nd degree polynomials for the potential start configurations are
summarized with (3.1) to (3.3):

Confi 1+F (Takeoff):
Vs19 = —5.8874 - 107%-m? + 1.6865- 1073 - m + 3.9709 - 10! (3.1)

Confi 2 (Takeoff):
Vg9 = —4.2208 - 107%-m? + 1.4598 - 1073 - m + 3.9892 - 101! (3.2)

Confi 3 (Takeoff / Landing):
Vs1g = —2.85714-107° - m? 4+ 1.29119 - 1073 - m + 4.29571 - 10" (3.3)

Note: For an airport at sea level under ISA condition (h=0ftT = 15°C),
Vcas = Vias = Vras- (3.1) to (3.3) apply exclusively under named conditions and only
for aircrafts of the Airbus A320 family. If an airport is not located at sea level, the
altitude difference (or density difference) must be taken into account and the speeds
converted according to Chapter 2.1 and Chapter 2.2.

For verification, the diagrams from Figure 3.1 and Figure 3.2 were replicated using (3.1) to
(3.3) (Figure 3.3):



Stall speed (calculated)
180

170
160
150
140

130

Vag [kt

120
110
100

90

80
30,000 40,000 50,000 60,000 70,000 80,000 90,000

m [kg]
Figure 3.3 Stall speed check, vs1g, Airbus A320 (Excel)

The generic equations give the aimed result and can thus be transferred to MATLAB for the
computation.
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3.1.2 Airbus A340-300

The procedure for the Airbus A340-300 is analogous to that for the A320-200.

vs1lg-Charts:

|
160 3 CoNF
T
150 -
1+F
140 L~ ~
f./ B d %[aﬁﬁn
130 Pa " FULL Gb—
r 27
-
120 e /.-"' = z
7
110 14 /""
j/
100 4
(x 1000Lb)
0 3001350 1400|450/ 500 1550|600 i

10 150 170 190 210 230 250 270 290
WEIGHT (x 1000kg)

Figure 3.4 Stall speed vslg, Airbus A340 (Airbus 2005b)

Table 3.2 vslg, Airbus A340
m [t] Conf 1+F Conf 2 Conf 3
140 101.74 97.70 96.67
150 105.85 101.23 100.05
160 108.86 104.24 103.14
170 112.24 107.69 106.29
180 115.32 110.77 109.38
190 118.63 114.22 112.61
200 121.86 116.50 114.52
210 124.65 119.36 117.75
220 127.00 122.15 121.05
230 129.86 125.23 123.62
240 132.58 127.58 125.97
250 135.51 130.01 128.83
260 137.79 132.65 131.62
270 140.80 135.59 134.19
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From Table 3.2, the diagrams in Figure 3.4 result Figure 3.5.

A340 - vslg
150.00
® conf 1+F
140.00 - ) ® conf 2
oY .0 or
— R conf 3
) 130.00 - a8
%) @ 8-
o® .A.'
S 12000 o T g
oo o o g
o [ X
% o .
£ 110.00 o oW
.o e
¢ ..a:"
100.00 .-
90.00
140 160 180 200 220 240 260 280
m (-103 kg)
Figure 3.5 Stall speeds, vslg-takeoff configurations, Airbus A340 (Excel)
The associated 2rd degree polynomials are summarized with (3.4) to (3.6):
Confi 1+F (Takeoff):
Vs1g = —4.731-1071° - m?* + 4.8688 - 10~* - m + 4.3125 - 10! (3.4)
Confi 2 (Takeoff):
Vs1g = —4.3165-1071° - m? + 4.6251-10~* - m + 4.147 - 10! (3.5)

Confi 3 (Takeoff / Landing):
Vs1g = —2.6552+107° - m? 4 3.9489 - 1073 - m + 4.6744 - 10! (3.6)
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3.2  Safety Speed

The safety speed v, is derived based the requirements according to CS 25.107. It must be
possible to reach v, at a (screen) height of 35 ft in the event of an engine failure.

=> vy =120

Assuming that v, = v, ., the safety speed v, is calculated with (3.7).

v, = 1.2 vy (3.7)
where
Vs =094 vy (3.8)
and
v, = (0.94-1.2) vs15 = 113 v5 44 (3.9)

Without an engine failure, there is still sufficient excess thrust until 35 ft is reached and v, ..

will be exceeded (see Figure 4.2). In order to distinguish v, (AEO) from v, (OEl). v, (AEO)
is denoted by v.Estimate according to (Young 2018):

U3 = vzlml'n + 10 kt (310)
Approximation based on (Torenbeek 1982):
173 = 13 vZ’min (311)

For the calculations in this thesis, (3.10) is used according to (Young 2018).

3.3 Rotation Speed

Consequently, the speed at which the rotation starts (vz) must be selected to satisfy the
conditions according to (3.7) to (3.9) to achieve v,,,;,, at an altitude of 35 ft. The
recommendation of the Airworthiness Regulations is an average rotation rate of three degrees
per second.

Rotation speed, acc. to Scholz 1999:

VR = Uy min — 3 kt (3.12)
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3.4  Lift-Off Speed

In case of a failed engine (OEI condition), the excess thrust is significantly reduced (especially
for jet with two engines, see Figure 4.2). v, is therefore only insignificantly greater than v, .
The conservative approach according to (3.13) therefore leads to deviations which can be
neglected (Scholz 1999). Thus, v;,;, would already be reached during lift-off and the
requirement v, . = 1.2 vy is safely satisfied.

VLoF,0E1 ® V2,min = V2 (3.13)
VLOF,0E1 lift-off speed (OEI case)

With all engines operative (AEO), there is still substantial excess thrust until lift-off, and both
the lift-off speed v, or 4g0 and v, exceed v, ;. It is assumed that approximately 50% of the
discrepancy between v, and v, is achieved on the ground. In the AEO- case v, IS adjusted
accordingly:

VioF,AE0 = V2,min T (173 - vz,min) - 0.5 (3.14)

Figure 4.2 display the effects of the engine failure on the most relevant forces and the airspeed.
The significant increase in drag immediately after the failure due to the asymmetric thrust
conditions can be noticed distinctly. It is also pointed out that a loss of 50% thrust F(v), lead
to significantly more than 50% loss of the thrust excess T cess-

viorapo  Lift-0ff speed, all engines operative case
vioropr  Lift-0ff speed, one engine inoperative case
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4  Regulations

4.1 Summary CS-25

CS 25.113 Takeoff distance and takeoff run
(a) Takeoff distance is the greater of -
(1) The horizontal distance along the takeoff path from the start of the takeoff to the
point at which the aeroplane is 35 ft above the takeoff surface, determined under
CS 25.111 [with a failed engine and v,]
or
(2) 115% of the horizontal distance along the takeoff path, with all engines operating,
from the start of the takeoff to the point at which the aeroplane is 35 ft above the
takeoff surface, as determined by a procedure consistent with CS 25.111.

CS 25.111 Takeoff path
@ ...
(2) The aeroplane must be accelerated on the ground to Vg, at which point the critical
engine must be made inoperative and remaining operative for the rest of the takeoff;

and
(3) After reaching vgp, the aeroplane must be accelerated to v,.
(b) During the acceleration to speed v, ., the nose gear may be raised off the ground ...
However, landing gear retraction may not be begun until the airplane is airborne.
(©) During the takeoff path determination in accordance with sub-paragraphs

(@) and (b) of this paragraph -
(2) The aeroplane must reach v,.before it is 35 ft above the takeoff surface

CS 25.109 Accelerate-Stop Distance (ASD)
@ The accelerate-stop distance is ...
(2) The sum of the distances necessary to -
(i)  Accelerate the aeroplane from a standing start to v; and continue the
acceleration for 2.0 seconds after v, is reached with all engines operating; and
(i) Cometo a full stop from the point reached at the end of the acceleration period
prescribed in sub-paragraph (a)(2)(i) of this paragraph, assuming that the pilot
does not apply any means of retarding the aeroplane until that point is
reached...

Further details concerning the ASD are described in Chapter 5.6.

The summary was edited based on (Scholz 2015)
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CS 25.107 (takeoff speeds)

Requirement: v, > 1.2 v

Changes made to the original approval requirements (Amendments) of particular relevance to
this report are FAR 25 Amendment 25-92 and Amendment 25-42 (older version).

Amendment 25-92:

» The ASD is calculated based on the assumption that the A/C keeps a constant speed v1
during the 2 second delay (AFM buffer)

* Applicable to B737 - 600 /700 /800 /900, 757 - 300, 767 - 400, A321, A330 and A340 types

Amendment 25-42:

» ASD is calculated based on the assumption that the airplane continues to accelerate

» Applicable to B777, A320 and MD-11 according to Young 2018

4.2  Speed Limits

The takeoff speeds are defined in section CS-25.107. The essential correlations are illustrated
with Figure 4.1.

Vmcs Vi VLOF 2
35ft
®
——

1.05Vyca < VR—I a0

1'05VMU1ENG ouT < Vior
Ve = i = Vr

Vior < VMmaxrire

Figure 4.1 Speed Limits (based on Scholz 1998)

Vye Minimum Control Speed

Vmce Minimum Control Speed, Ground
Vmca Minimum Control Speed, Airborne
Vyu Minimum Unstick Speed

VioF Lift-off speed

Vg Rotation speed

(21 Decision speed

2 Safety speed
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5 Performance

5.1 Distance Overview

This Chapter 5.1 gives an overview over the relevant distances. More detailed descriptions and
derivations are provided in the following subchapters.

In all cases, a distinction is made between the All-Engines-Operative (Index: AEO) and the
One-Engines-Inoperative case (Index: OEI). (5.1) to (5.7) are illustrated with Figure 1.1,
Figure 1.2 and Figure 1.3.

Takeoff Distance (TOD, AEO):

SToD,AE0 = Sg,AE0 T SaIR,AEO (5.1)

The total ground roll distance consists of the distance s, g0 1 until the rotation speed vy is
reached and the subsequent rotation distance sg 4go (= Sg,4£0,2) Up to the lift-off,

Sg,AE0 = Sg1,AE0 T SR.AEO (5.2)

Acceleration Go Distance (AGD): In the event of an engine failure, the ground roll distance
is divided into 3 parts (See Table 5.1 regarding the scope):

Sgaro (ground roll with all engines operative),

Sg,0e1,1 (ground roll with one engine inopeative) and

*  Sporr (5S4,0E12 » rotation distance withe one engine inoperative)
The Acceleration-Go Distance (AGD) becomes:
SaGp = Sg,0E1 T SaIR (5.3)
with a total ground roll distance:
Sg,0E1 = (Sg,AEO + Sgl,OEI) + Sg,0EI (5.4)
Accelerate Stop Distance (ASD): In the Acceleration-Stop Distance, acceleration is performed
to the engine failure speed vy, followed by 1 sec until recognition by the pilot. A safety margin

of 2 seconds must also be considered, with either constant v, or acceleration with the remaining
engines, depending on the aircraft type. This is being followed by deceleration to a standstill

Sasp = Sg,ag0 T Sstop (5.5)
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Balance Field Length Condition (BFL): The balanced field length condition is described with
(5.6). A detailed definition is given in Chapter 1.2. The solution algorithm is explained in
Chapter 6.1.

SBFL (vl,balanced) = Sasp (vl,balanced) = Stop (vl,balanced) (5-6)

Factorized Takeoff Distance (TOD +15%): The factorized takeoff distance is based on the
requirements. (See Chapter 4.1, CS 25.113 (a) (2))

Stop1.1s = Stop,ago * 1.15 (5.7)
Table 5.1 Distances, overview
Sign Scope
Ground Roll Distance (AEO)
Part 1 Sg1,4E0 0..vg
Rotation Distance (part 2) SR.AEO Vg . ULoF
Total, AEO Sg.4E0 0..v0r

Ground Roll Distance (OEI)

Part 1 (all engines operative) Sg.4E0 0..vgp
Part 2 (one engine failed) Sg.0E11 VgF - U
Rotation Distance (part 3) SR.OEI Vg . VioF
TOta|, OEl Sg,OEI 0.. VioF
Air Distance SAIR VioF - Vs
Takeoff Distance (AEO) ST0D,AEO 0..v5
Takeoff Distance (OEI) SToD,0EI 0..v,
Factorized Takeoff Distance STODA15 Srop.ago + 15%
Stop Distance (numerically) Sstop Vgp ... 0
Acceleration Stop Distance Sasp 0..vgp...0
Balanced Field Length SBFL

All Engines Operative AEO

One Engine Inoperative OEl
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5.2  Ground Roll Distance

5.2.1 Derivation of the Analytical Equation

Figure 5.1 Force diagram (Scheiderer 2008)

Sum of forces in x-direction Y F,:

ma=T—D—F—Wsiny (5.8)

Sum of forces in y-direction Y F,

Wcosy—L—-—N=0 (5.9)

Weight force W:
W =mg (5.10)

Friction force Fy:
Fp=p-N=pu-(mg-cosy—1L) (5.11)

Rolling friction coefficients u for the calculation according to (5.11), are summarized in
Table 5.2. In the context of this thesis, only dry conditions are examined and a value of 0.02 is

fixed for most calculations.

Table 5.2 Friction coefficients (Scholz 2015)
Surface [KOHLMAN 92] [TORENBEEK 1982]
Concrete or asphalt, dry or wet 0.02 bis 0.05 0.02
Solid snow 0.02
Ice 0.02 -
Gravel - 0.04
Dry short grass, firm ground 0.05 0.05
Dry long grass, firm ground 0.10 0.10
Soft ground 0.10 bis 0.30 0.10 bis 0.30
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Acceleration a (Separation of the variables):

dv_dv dx_ dv

==y 2 5.12
. dt dt dx v dx (.12)
From (5.8) to (5.12) results the "basic equation™:
x2 v2 m-v
dx =f —dv (5.13)
1 v I =D —F—W-siny
(5.14) gives the basic equation for the ground roll distance
va m:+*v
Sg = - dv 5.14
¢ ), T=D—p-(mg—1L)—mg-siny (5.14)
Y Slope, flight path angle [%], [°]
L Lift [N]
D Drag
N

Normal force
The integration limits are differentiated based on the case (AEO or OEI).

With all engines operative AEO:
® vA = O

® Vp = VR

If an engine has failed, the ground roll distance is further divided into a distance up to the engine
failure and the remaining distance up to the initiation of rotation. The rotation distance sg
(see Chapter 5.3) is considered separately. However, by definition, the rotation distance belongs
to the ground roll distance.

Integration limits part 1 (AEO):

e v, =0

* Up = Vg

Integration limits part 2 (OEI):
* Uy = Vg

. 'UB = ’UR
With the excess thrust T, cess

Texcess =T —D — Ff —mg - siny , (5.15)
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the lift L
L=L) = gvz CLySw, (5.16)
as well as the drag D
D =D(v) = g 2 Cp g S (5.17)

In the following Subchapters 5.2.2 to 5.2.4, three different solution approaches for the
integration of the basic equation are presented:

1. integration of the basic equation by means of an average thrust:T = T (v,,,) = const.,

2. integration of the basic equation by means of an speed dependent thrust: T = T'(v) and

3. Numerical integration considering a speed dependent thrust T = T(v) # const..

The most common method is to calculate an average speed based on the mean dynamic
pressure, since L, D and T are a function of the dynamic pressure gq.

Mean dynamic pressure g, considering the wind speed

p 1
Qav = Evgv = E (q + CIUW) (5-18)
P2 _1<1 2 1 2) 5.19
2 _ 1., 2 20
vav=§(vw+ ve) (5' )
_1 P - vw?
Qav—i'iv (1+(7)> (5.21)

The approach q,, = (p/2) v2, gives the average inflow velocity v,,:

Vav _ l( vw 2) 5.22
= \/2 1+ ( - ) (5.22)
Without wind, the outcome would be (5.23):

v =0.707 - VioF (523)

o _ j;<1 ' (‘;—W)> (5.24)

AEO-Case (0 ... vg):
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Average thrust (constant) T,,,:
Ty = To[A — KMy, + K, M2,] (5.25)
Thrust factors k4, k,, A based on Chapter 2.8.
Texcess = Tay — D(v) — Fp(v) —mg siny (5.26)

1
mg =1L = 2 *CLmax,To " P Sw” v521g (5.27)

With an appropriate average thrust, (5.14) can hence forth be solved analytically using an
integral table.
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5.2.2 Analytical with Average Thrust and variable Drag and Lift

Assumptions:
® Toxcess * constant
o D=D()
o L=L(w)
o T =T,, = const.

The drag D and the lift L according to (5.16) and (5.17) are proportional to v? with regard the
basic equation from (5.14). With an average thrust according to (5.25) an the given
assumptions, (5.28) is obtained:

VB v

%9 = mf — dv 5.28
va Tav_%vz CD,gSw_ll'mg_llg v? Crg Sw —mg siny ( )

By bracketing out and reshaping, the wing loading m/S,, and thrust to weight ratio T / (mg)
can be used in (5.29):

1 (Vs v
5y == j - - S dv (5.29)
Gloa S — P02 Cp gt — = gz v? Cug o = siny

To obtain an integral form that can be solved with common integral tables, variable v is
separated accordingly.

1 J"’B v
Sg == dv 5.30
g va %_M—SIHV—%SRW UZ(CD,G_MCL,g)UZ ( )
1 VB v
S =5°S J T dv
S (Cog—nC) o  m_psiny (531
< —v
% ) ﬁw (Cpg —uCpLg)
2(m/S,) VB v
Sg:p(CDG_MCLG)-f Tay i v
) : va 2g(m/S,,) (m_g — U —sin y) , (5.32)
-V

%(CD,G — U CL,G)
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The result is an integral of the form:

F(v) = 2b f ﬁdv (5.33)

An integral of the form according to (5.33) can be solved with an integral table. According to
(Merziger 2010):

X 1
fmdx = —E : lTl(aZ - Xz) (534)

Transferred to (5.33) follows:
v
2b f mdv =—bln (Clz - 172) (535)

To eliminate the negative sign:

v v 1

0 (=) dv=bIn —

(5.36)

If the terms substituted with a and b according to (5.37) as well as (5.38) are inserted into
(5.36), the searched ground roll distance s, follows with (5.39).

m/S
b = (m/S) (5.37)
P(CD —Uu CL,G)
290m/5) (32 - u - siny)
a? = > mg (5.38)
2 (CD,G —Hu CL,G)
Ground roll distance s, with the integration limits v4 & vg
VB
2(m/Sy,) l 1 (5.39)
Sg = n 5.39
p(Cpg = HlLg 1— %(CD,Q —uCpg) v?
g (ﬂ) (h —u— siny)
Sw/ \mg va

Chapter 5.2.2 is the result of (Scholz 1998).
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5.2.3 Analytical with Depending Forces

In order to optimize the accuracy of the calculation the thrust is now to be included in (5.50)
as a function of the speed as well.

J‘”B m-v
Sy = — dv 5.40
9 =), T@) = D) — - lmg — L(w)] = mg - siny (5.40)
With respect to the thrust model from (2.97):
f”B vdv
va N To[A — Kyv + K,v?] —% Cpg Swv?:— mg (u+siny) + H% Chg Sw V2 (5.41)
Transformation results in:
f”B vdv
va [NTo Ky =5 Cog S+ 15 CLg Sy | v2 = INTo KyJv + [N Ty A—mg (u + siny)] (5:42)
With k4, k, form (2.101) and (2.102) and speed of sound cg,:
f”B vdv
k . .
vy [NTOCIETZ —%CD‘Q Sw +,u% Crg Sw] v? — [NTO é]v +[NTy A—mg (u + siny)] (5:43)
This gives an integral of the form:
xdx
: 5.44
f ax’?+bx+c ( )
With:
X =DV

ax?=[NToK,— (p/2)CpgSw+u(p/2) CLgSy] v*
bx=—[N-TyK]v,
c=[N-TyA—pu-mg (u+siny)].

Integral limits:
Vp = VR,
Vy = 0.

If the rotation distance isn't solved separately.
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Integral is be solved analytical by Papula 2015 complemented by Goudreault 2013:

A = 4ac — b? (5.45)
A>0:
f x dx 1l | 2 4 by + | b 2 . <2ax+b) (5.46)
ax’+bx+c 2a 'Y el T VA aran VA '
A<O:
f d L ] - [T a (5.47)
ax2+bx+c _Zan ax xTe 2a n '
|a]  |2ax+b+ ||4]
A=0:
x dx 1 b 2
_ 2 - = 5.48
fax2+bx+c 2aln|ax +bx+c| 2a 2ax+b ( )

This offers a method to analytically solve the ground roll distance with drag, lift AND thrust as
a function of velocity. By applying Young's thrust model, the height difference could also be
taken into account in addition to the piston slope.

While in Chapter 5.2.2 the ground roll distance was still reduced (simplified) to an integral of
the form x/(ax? + c), in Chapter 5.2.3 an (integral of the type x/(ax? + bx + c) is solved
and thus has generally more valid character

The concept and the proposed solution with the help of the thrust model was found at the end
of the thesis, when all numerical solutions had already been completed. The same approach can
also be applied to the stop distance. With this approach, there is now a method to completely
eliminate the need for numerical solution methods without sacrificing accuracy. The found
approach will be part of an upcoming master project at the HAW Hamburg in 2022 under the
supervision of Professor Scholz.

The numerical results from Chapter 9 can be understood as an analytical result, where the
ground roll distance and stop distance were calculated using the method derived in this chapter.
The results are identical.
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5.2.4 Numerical Integration

The next accuracy level for the solution of an ordinary DGL of 1st order is achieved with the
simple Euler method, a one-step numerical integration method. A more accurate solution (when
using the same step size) is provided by the Runge-Kutta method (4th order). Both methods
were compared in the context of ground roll distance. It was found that the same accuracy can
be achieved with the Euler method, provided that the time interval is reduced. From a time
interval of At = 0.1, the deviations are less than 0.1%. Therefore, the one-step Euler method
was used to verify the numerical results from MATLAB. Moreover, most of the plots were
created based on the Euler method.

As a measure for the "correct™ results, the outputs from MATLAB via "ode45 function™ a solver
for solving ordinary differential equations with automatic step size adjustment are used. A
redundant numerical analysis of the ground and stop distances is intended to secure the results
against each other, since otherwise errors can easily occur unnoticed in complex loops.

Remark: The accuracy of the integration procedures can be controlled (optimized) by the
adjustment (reduction) of the step size. To approach the accuracy of the Runge-Kutta method
with the Euler method, a smaller step size would have to be selected. Smaller step sizes require
more computing time. Regarding the task of this thesis, the computing time is not a relevant
factor. With a laptop of medium computing power, computation times of a maximum of 10
seconds are generated within the scope of the task.

Assumptions:

Toxcess # constant

T = T(v) ,respectively.T = T(M)
D =D(v)

L=L()

An initial value problem has to be solved:

dvy _ 4%,
dt dt?

a,(v) = = %[T(v) —D(v) — Ff(v)] —g-siny (5.49)

Thereby the differential equation has the form:

d*s dy,
- =9 = 5.50
dtz  dt f (&) (5:50)
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Numerical Integration with MATLAB

MATLAB offers several functions based on the Runge-Kutta method. Corresponding functions
all start with "ode" as an acronym for ordinary differential equation. The differential equation
to be solved can be solved with the solver ode23 or ode45. Solutions are calculated step by
step, using the solution of the previous point for the solution of each point. The step size of the
single steps takes a prominent role for the accuracy of the result. With the solver ode23 a 2nd
and 3rd order method is used for each point, while with ode45 4th and 5th order methods are
applied. If the results differ too far from each other, this would be an indication that the step
size became too large. If this is the case, MATLAB will automatically adjust the step size in
the next step.

Ode45 solves 1st order DGL. The basic equation, i.e., the acceleration a corresponds to the 2nd
time derivative of the distance s. With reference to the distance, this results in a 2nd order DGL.
For the solution, the DGL is transformed into a system of 1st order ODE functions.

General form of the ode function in MATLAB:

x = f(t x) (5.51)
In the context of the task, live scripts are used in MATLAB for the main program, via which
the parameters are defined by means of input fields and can be modified if necessary. First, an

equation is defined in an m-file, which can be accessed in the main program (*mlix-file).
Thereby the function in the m-file has the following structure according to (5.51): transferred.

x = Functionname(t, x)

With:t => Independent variable,
x => Dependent variable.

The function name can be chosen arbitrarily if the characters are chosen according to the rules.
In MATLAB, there is no superscript in the code. In the original, x "would be substituted by, for
example, "xdot™:

xdot = Funktionsname(t, x)

A first order DGL with x as the dependent variable and t as the independent variable must be
passed. The acceleration § with reference to the distance s is a 2nd order DGL with the speed s.
In order to use the ode function according to the problem definition, a two-column matrix S is
passed instead of a single variable s:

S(1,1) = s (5.52)
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S(1,2) = s, (5.53)
This yields in:

S = Functionname(t, X)

respectively:

Sdot = Functionname(t, X)

with:
e S(1L)=v
e S(1,2)=a

If corresponding correlations are transferred to MATLAB, the following exemplary extract
from the m-file for the calculation of the takeoff distance results:

function Sdot=Functionname(t,S)

s=S(1);
v=3(2);

vG =v +VW;

L =rho/2*(v)"2*CLg*Sw;

D =rho/2*(v)"2*CDg*Sw;

Ff = mu*(m*g*cos(gammaRad)-L);

Sdot(1,1)=vG;
Sdot(2,1)=1/m*(T-D-Ff)-g*sin(gammaRad);

Note: The original code is considerably more extensive. This is a (short) extract.

Table 5.3 Parameter - MATLAB (m-file, ground roll distance)
Sign Definition Unit
Sdot Result - Matrix Sdot(n, m)
L Lift [N]
D Drag [N]
Ff Friction force [N]
rho Density p [kg/m3]
CL Lift coefficient, ground C, 4 [—]
CD Drag coefficient, ground Cp ¢ [—]
Sw Wind surface area S,, [-]
T Thrust [N]
mu Friction coefficient u [-]
m A/C Weight [kg]
g Earth acceleration [m/s?]
gammaRad Flight path angle y,4q [rad]

Table 5.3 gives an overview over the matrices and variable uses in MATLAB-Code



92

Cr6, Cp g Vraq are calculated by the m-file. The input parameters p, S,,, u, m, g, y are entered
via live script. The output matrix Sdot is an n x 2 - matix (two-column matrix). The number of
rows n depends on the size of the interval and the chosen (time) step size At.

The ode function "ode45" is used. The following excerpt from the MATLAB script shows the
main function for solving the DGL.:

options = odeset('NonNegative',1,"MaxStep",0.1);
[t,Sdot]=ode45(@Functionname, [tmin:dt:tmax], [s0,v0],options);

Parameter are defined in Table 5.4.

Table 5.4 Parameter-descriptions (MATLAB-script, ground roll distance)
Variable Definition Unit
t Time-Vector (n rows) [s]
tmin Lower limit for time t [s]
dt Time interval [s]
tmax Upper limit for time t [s]
sO Initial value, distance at t,,;,, [m]
vO Initial value, speed at t,,;;,, [m/s]
options Additional restrictions (ode-options)
Sdot Output-Matrix Sdot(n, m) [m], [m/s]
Sdot(n,1) Distance s [m]
Sdot(n,2) Speed v [m/s]

In the context of this thesis, SI metric units will be used throughout. For alternative unit systems,
the defined universal constants would have to be adapted in the MATLAB script and the input
parameters would then have to be specified in accordance with the units.

Figure 5.2 and Figure 5.3 show a typical curve for the ground roll distance as a function of time
and speed (for an Airbus A320, based on parameters in Chapter 8, with H = 0, confil + F,
slope = 0). The rotation speed vy is marked accordingly.

Note: The rotation distance is part of the ground distance. The rotation distance s is
calculated according to (5.54). In the case of the Airbus A320 described above,
sg =298.32mand sy e = 1612.61 m.
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Figure 5.2 Ground roll distance (A320): MATLAB diagram (distance vs. time)
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Figure 5.3 Ground roll distance (A320, 78t, 117.9 kN)

The ode45 function from MATLAB gives a ground roll distance 1314.29 m (v, ...vg). A
numerical solution in Excel based on the Euler method according to Figure 5.4 achieves the
result 1313.86 m with At = 0.01 (a discrepancy of 0.03%).
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th Vin Th D, Ln Frn a, Sp
[s] [m/s] [N] [N] [N] [N] [m/s] [m]
Equation (3.25) (3.26) (2.3) (2.26) (2.25) (2.18) (3.23) [3.28)
Initial- 0
. 0 0 235,800 0 0 0 2.827
Condition
Initial- > .
. 0.01 0 235,779 0 0 15,298 2.827 0.00
Condition At ; :
A >
1 —0.02 0.06 235,757 0.01 0.16 15,298 2.826 0.00 =
At . :
2 L. v >
A 0.03 0.08 235,736 0.03 0.36 15,298 2.826 0.00 .
t i .
3 — M >
0.04 0.11 235714 0.05 0.63 15,298 2.826 0.00 !
At ; :
4 , ¥ >
—0.05 0.14 235,693 0.07 0.99 15,298 2.826 0.00 ..
At ; ‘
5 L > >
At 0.06 0.17 235,672 0.11 1.43 15,298 2.825 0.01 +
6 = v '
At +'" =
— 3218  77.04 185891 22,232 294,836 9,402 1.978 1313.53
At v . ' ]
3219 L3219 7706 185,880 22,243 294,988 9,399 1.977 1314.30
tp Ve sp
32.18  77.0499 1313.86
Figure 5.4 Ground roll distance (A320): Euler method (Excel), At = 0.01
t, Ven Th D, Ln Fin d, Sp
[s] [m/s] [N] [N] [N] [N] [m/s] [m]
Equation (3.25) (3.26) (2.3) (2.26) (2.25) (2.18) (3.23) (3.28)
Initial- 0
. 0 0 235,800 0 0 0 2.827
Condition
Initial- > .
. 0.1 0 235,586 0 4 15,298 2.824 0.03
Condition At ; ’
v >
1 — 0.2 0.57 235373 1.20 15.86 15,298 2.821 0.08
At . :
2 L. v >
0.3 0.85 235,160 2.69 35.66 15,298 2.819 017
At ; :
3 — M >
0.4 113 234,947 4.78 63.33 15,297 2.816 0.28
At ; i
4 , v >
0.5 1.41 234,735 7.45 98.86 15,296 2.813 0.42 .
At ; ‘
5 L. v >
AL 0.6 1.69 234,523 10.72 142.22 15,296 2.810 0.59 +
6 — v '
At +... -
— 3210 7691 185,959 22,159 293,869 9,421 1.979 1311.39
At v . O]
322 s 32.2 77.11 185,853 22,273 295,383 9,391 1.977 1319.10
tp Vg Sg
32.17 77.0499 1316.65
Figure 5.5 Ground roll distance (A320): Euler method (Excel), At = 0.1

By increasing At to 0.1 (Figure 5.5) the Euler method generates a ground roll distance of
1316.65 m (a discrepancy of 0.18%). With At = 1 the deviation would rise to 2.29%
(1344.45 m).
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5.3 Rotation Distance

According to Nicolai 2010 or Young 2018, (5.54) achieves sufficient accuracy for the rotational
distance:

Sp = tg T (5.54)

The time for the rotation ty, i.e., from the first actuation of the stick until it is lifted off, results
from 2 parts:

1.) Time until constant rotation speed is reached 0 > t > t;

2.) Time with constant rotation speed until lift-off t; > t > ¢t

The rotation time ty is highly dependent on the pilot's skills. There are recommendations from
Airbus for the Standard Operation Procedures (SOP) as to which (constant) rotation speed ®
should be aimed for. A rotation speed of 3 °/s is recommended. For the Airbus 340, studies
showed that the average rotation time is considerably longer (see Balzer 2021), which has a
significant impact on performance. A reduction of 1 °/s results in an increase of the takeoff
distance of up to 300 m for an Airbus A340-300. The rotation speed is adjusted to 2.5 °/s (A340)
with respect to the performance calculations. This shall ensure that the speed when reaching the
target angle is sufficient to be able to take off. Otherwise (if the rotation is too fast), the pilot
might continue to rotate and exceed the maximum allowable pitch attitude (until the tail strikes
the ground). In the OEI case, it is (generally) recommended that the rotation speed be reduced
another 0.5 °/s to ensure that v,,,;, can be achieved in 35 ft, since only very little excess thrust
remains after takeoff in the OEI case (see Figure 4.2). On short runways, however, a too slow
rotation speed would additionally be problematic, since the pilot would run the risk of missing
the end of the runway

It usually takes about one second for the pilot to reach the corresponding (constant) angular
speed with careful (gentle) acceleration after pulling the stick. To estimate a plausible value for
the total time for rotation according to the recommendations of Airbus, a constant angular
acceleration is assumed until w; is reached. Furthermore, it is assumed that the pilot reaches
constant angular speed after one second. The (Airbus) pilot usually rotates to a target pitch
attitude between 12.5° and 15° (in the air), whereby the target pitch attitude does not correspond
to the lift-off angle a;,r. For the Airbus A320 (or Airbus A340), the lift-off angle a;F, i.€.,
the angle at which the aircraft takes off, is typically 10° (Balzer 2021). To estimate tg,
a.or =10° is applied. The described relationships are visualized with Figure 5.6.
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One Engine Inoperative
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Figure 5.6 Rotation-Plots, A320 (OElI)

(5.55) to (5.68) describe the general relationships of angular acceleration w, angular velocity
w, Angle of Attack a and time t:

da
=4 =— 5.55
w=d=— (5.55)

dw
D= = — 5.56
O=d=— (5.56)
w(t) = w = const (5.57)

t

wt)=w | dt =we+ o (t—ty) (5.58)

to
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‘ . (2 -t3)
a(t) = | w@®)dt =wy(t—ty) +w- — + a, (5.59)
to

0=>t=1:
Table 5.5 Initial conditions, rotation, interval 1

we [°/s?] Angular Acceleration at t = ¢, (5.61)

wo [°/s] Angular Speed att = ¢, 0

a, [°] Angle of Attack at t = ¢, 0

to [s] Time when the rotation starts 0

From the initial conditions of Table 5.5, the initial values for the 2nd time interval are first
determined for the time interval 0 >t > 1:

- Wy = w1/t (5.61)
£2
a(l) = a; = oy 71 (5.62)

followed by the interval t; > t > t; o based on the initial values of Table 5.6:

Table 5.6 Initial conditions, rotation, Interval 2
w;  [°/s?] Angular Acceleration at t = t; 0
w, [°/s] Angular Speed att = t; 25/3
a; [ Angle of Attack at t = ¢, (5.62)
t; [s] Time when the rotation starts 1

For the 2nd time interval, the time variable ¢t is substituted corresponding to (5.64).
T=t—t, (5.63)
t=1+1t, (5.64)
With T and the initial values from Table 5.6, the time domain t; > t > t;p results in:
at)=a,+w, T (5.65)
With the known (assumed) lift-off angle oy or and the corresponding time Ty og:

a(TLor) = Aror = @1 + W1 " Tror (5.66)
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by re-substitution with
tror = Tror Tt (5.67)

results in the required rotation time t,

tp = Oror — 1 +t (5.68)
w1
w, & Angular Acceleration [°/s?]
Wy Angular Accelerationatt =0 s
W1 Angular Accelerationatt =1s
w, & Angular Speed
Wy Angular Speed at t = t,
N Angular Speedatt =1s
a Angle of Attack [°]
a Angle of Attack at t = t,
a; Angle of Attack att = 15
QALoF Angle of Attack at when the A/C becomes airborne (lift off)
t Time variable [s]
to Initial value, interval 0 >t > 1,t, =0
t; End of time interval 1, t; = 1s

From the assumptions described at the beginning and the preceding equations, the results are
obtained according to Table 5.7.

Table 5.7 Rotation times tr
A320 A340

AEOD OEl | AED  OE
@y Y 3 25 | 25 2
i, [s] 1 1 1 1
o, [?] 1.5 125 | 125 1
i, [/s] 3 2.5 2.5 2
tp [s] 3.83 450 | 450  5.50
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5.4  Air Distance

The Air distance (the distance from lift-off until 35 ft is achieved at v,) is estimated based on a
common method provided in Raymer 1989, Scholz 1999, Nicolai 2010 or Gudmundsson 2014,
This approach divides the aircraft trajectory (after the A/C becomes airborne) into 2 separate
trajectories, the bow-shaped trajectory (rotation phase in the air) and the linear trajectory (climb
phase) at a constant climb angle (see Figure 5.7).

. /VCL
&
R Y
BcL Obstace*
— ——y
|
56 SR -—STR—H—SCL—-|
Figure 5.7 Schematic visualization of the takeoff phase. (Nicolai 2010)

Obstacle Height (Screen Height)
* Commercial = 35 ft
* Military = 50 ft

Transition Distance
During the transition section, the aircraft flies with a constant velocity an arc of radius R.
Inspired by (Ehrig 2012) the load factor n of the aircraft becomes:

L 1/2 “Crior p-S- vior _ Vior ) Crror

n=—= (5.69)
w 1/2 : CL,max,To P S 1752 vsz CL,max,TO
It can be assumed that (based on Scholz 1999 and Nicolai 2010):
C
LT~ 0.8 (5.70)
CL,max,TO
This results in a load factor:
vior C 1.2 - vg\?
= -LOF “LLOF o ( S) -0.8 = 1.152 (5.71)
Vs? CL,max Us
and a Radius R:
Vior _ Vior (5.72)

- gn—1) 0.15g
Transition Distance s;g:

STR = R SinQCL (573)
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Climb Distance s¢;:

hobst - hTR
= — 5.74
ScL tan O, (5.74)
h’TR = R - R coS QCL == R(l — COS @CL) (575)

6. = ] (T — D)
cL = arcsin (5.76)

Since the climb angle @, remains constant after reaching the height h;x, the speed dependent
thrust F (v) and drag D (v) may be calculated with v = v, . The resulting angle is valid up to
the obstacle height hg-. Thus, the part of the takeoff distance in the air can be solved time-
independently, in pure geometrical terms.

The total flight distance results from the sum of the transition distance and climb phase (see
Figure 5.8, left):

Total Air Distance s,
Sair = Str t ScL (5.77)

hTIl 2 hobst o
3 o] y. F 4
1 hrg < hgpy ' o 4

Figure 5.8 Transition & rotation phase (Gudmundsson 2014)

R? = 5gpse + (R — hops)® (5.78)

SAIR = Sobst = \/R2 - (R - hobst)2 (5.79)

SCL == O (580)
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Screen height (obstacle® in Figure 5.7)

Height at transition from rotation to climb phase

Climb angle

Bow radius

Lift coefficient at lift-off

Maximum lift coefficient in a specific flap configuration
Load factor

Climb Distance

Transition Distance

[m], [ft]

(1524

[rad]
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5.5  Stop Distance

5.,5.1 Time Intervals

For the calculation for the BFL on dry runaways no reverse thrust is considered. In
Scheiderer 2012 the AFM transition time is explained as illustrated in Figure 5.9. When an
engine failure occurs, one second must be assumed at vy until the pilot notices the failure.
Two extra seconds (AFM buffer) are added to account for potential human individual error.
Then, in order, the brake is applied, the thrust is set to idle, and the speed brakes are actuated.
The time for active operation is determined in flight tests from at least six such start aborts,
according to Scheiderer 2012 and average values are formed as the result. In total, for the safety
margin, the brakes, the thrust reduction, and the speed brakes, this results in about 3 seconds.
The individual time intervals are summarized in Table 5.8.

Speed
VEF vy Brakes Brakes

Y

A

Throttle

aze - 2 sec " Stop
< > «—
recognition | AFM safety margin Flight
test

A 4

3 sec

(typical

'¢—— AFM transition time ——

Figure 5.9 AFM transition time

Table 5.8 AFM Transition time
Time Speed Acceleration
> > AM 25.42 AM 25.92
Action [s] [s] [m/s] (A320) (A340)
Engine failure 0 VgF a>0 a>0
Recognition time 1 1 vy a>0 a>0
AFM buffer 2 3 a>0 a=10
AFM Reaction
Transition | 1st Brake actuation 05 35
Time 2n  Thrust lever (idle thrust) 05 4.0 a< 0 a< 0
d
3r  Spoiler a<0 a< 0
d
tstop 0 0 0

Besides, it is assumed that the braking force develops linearly within two seconds. The
distinction regarding the acceleration according to Amendment 25.92 and Amendment 25.42
shall be clarified with Figure 5.10 and Figure 5.11. In each case, an engine failure at 140 knots
is simulated.
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A340 (Amendment 25.92)

@® engine failure
® recognition (1 sec)

AFM buffer (2 s)
O  brakes
® idle thrust)
® spoiler

time [s]
Figure 5.10 Deceleration: A340; vy = 140 kt

A320 (Amendment 25.42)

@® engine failure
@® recognition (1 sec)

AFM buffer (2 s)
O  brakes
® idle thrust)
® spoiler

_4 1 1 1 1 1 1 1 1 1
-2 -1 0 1 2 3 4 5 6 7 8

time [s]

Figure 5.11 Deceleration: A320; vy = 140 kt
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5.5.2 Numerical Solution

The Stop distance is solved numerically, similar to the ground roll distance.
Analogous to (5.8):

a=%[T—D—FB—mgsiny]
Reverse Thrust, dry => not to be considered

Braking force:
Fg(v) = ug(fy - W-cosy — L(v))

(5.81)

(5.82)

Only part of the weight rests on the main landing gear. This is considered via the load factor f; .
According to Scholz 1999, values between 0.8 and 0.95 are suitable for jets. For Jets with nose
wheel brakes the value becomes 1. f; depends on the C.G. position and varies with the weight
distribution (fuel, passengers, cargo, etc.). In the context of the thesis, a value of 0.91 is used

(most forward position).

The braking coefficient depends on the runway condition. For dry asphalt or concrete a value

between 0.3 and 0.6 is characteristic (see Table 5.10)

Table 5.9 Brake coefficient (Scheiderer 2018)

Code Bremswirkung Bremskoeffizient ICAO Bremskoeffizient CIS?
9 Unreliable 9 - unreliable 9 - unreliable

5 Good =040 =0.50

4 Medium-good 0.39 —0.36

3 Medium 0.35-0.30 0.50-0.30

2 Medium-poor 0.29 -0.26

1 Poor < 0.25 < 0.30%

Table 5.10 Brake coefficients

Gudmundsson 2014 Nicolai 2010
ug dry asphalt or concrete 0.3-0.5 0.3-0.6

CIS: Commonwealth of Independent States
Regarding the simulation the upper "Medium" of Table 5.9 value puz = 0.35 is set.
By changing the sign, since the acceleration is less than O:

a= %[FB(U) +D(v) + W -siny — T(v)]

(5.83)
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p .
a= mig [HB (f,-Wcosy — L(v)) + Cp,g 5 v2 S, +Wsiny — T(v)] (5.84)

with thrust from (2.97):

T(v) = Ty[A — K v + K,v?] (2.97)
Transformation:

g p p .
a= [uB (fL W cosy —Cpy 2 v? SW) + Cpg Evz Sw+Wsiny — T(V)] (5.89)

a=4g-Ug [fL cosy —Cpg (5.86)

dv d?s siny Tw)\ p Sw(Cp,
a=E=F=9ﬂBI<chosy+ e +3 W<_g_CL,g>v2 (5.87)

Spoiler:

If the spoiler geometry is known, a procedure by Scholz 1997 is recommended to account for
the deceleration of the extended spoiler:

Figure 5.12 Deceleration due to spoiler (Scholz 1997)
Fg, = Cpspp/2- 1% Sgp - sin(6s) (5.88)

Calculations for spoilers of A310, A320, A340 resulted in spoiler coefficients:
* Cpsp < 2 (Infinitely large spoilers Cp 5, = 2)
* Cpsp ~ 1.8 (Multiple spoilers extended)
* Cpsp =~ 1.5 (Spoiler with rather square shape)

According to Scholz 2015, a maximum spoiler deflection of §; = 50° can be assumed. The
spoiler data for the sample aircraft are provided by (Niederkleine 1999)



106

Stop Distance (numerical solution):

With thrust T =T(v) the DGL regarding the stop distance is solved numerically.
Corresponding to the ground roll distance with (5.50):

d*s dy,
=9 _ 5.50
ae ~ @ V) (5:50)
Deceleration incl. Spoiler:
Fep siny T(v)) pS (Cpg
a=gug|| =——+ f cosy + — +__<_’_C.>U2 (5.89)
gk KW.UB Ji Up Wug 2 W \ ug =

(5.50) must be solved numerically based on the deceleration according to (5.89) with time
intervals on the basis of Table 5.8 . Before the brakes are applied u = 0.02. With brake
actuation u = ug = 0.35 based on Table 5.9 and Table 5.10 .

5.6  Accelerate Stop Distance

Total distance at aborted takeoff s,¢p:

Sasp = Sg.ago t Sstop (5.90)
Stop Distance sg¢p:
Sstop = Sgw1 T Sg.arm T SB (5.91)
Sgaeo Ground roll distance from v, to vy with AEO [m], [ft]

sgp1  Transition distance, 1 second recognition (vgg ... v1).
sgarm AFM safety margin, 2 seconds

Sg Braking distance, brake actuation until v = 0
Sstop ~ Total stop distance

Figure 5.13 and Figure 5.14 show the ASD simulation with MATLAB for an A320 / A340 in
the event of a simulated engine failure at 140 knots (parameters according to Chapter 8, with
H = 0, slope = 0%, confi 1+F, vy, = 0). Figure 5.14 corresponds to the curve according to
Figure 5.15 from (Young 2018) based on amendment 25.92, in which the individual intervals
are described. Figure 5.13 differs qualitatively only in the 2 seconds of the AFM buffer.
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A320, Incl. AFM-Buffer (Amendment 25.42)
I

80 ®  Engine Failure N

70 — -

| | | |
0
0 500 1000 1500 2000 2500

s[m]

Figure 5.13  ASD (2356 m), A320 with v, = 140 kt (72.02 m/s)

A340, Incl. AFM-Buffer (Amendment 25.92)
I I I

80 ® Engine Failure -

0 500 1000 1500 2000 2500 3000 3500
s[m]

Figure 5.14  ASD (3051 m), A340 with v; = 140 kt (72.02 m/s)

— First action
Start Engine failure or — Final action Stop
{(i.e.. brake release) takeoff abort event | £ Fully configured J
y

\l'h VL for braking
,_)_ | ' i—)—
C AN

ertification test demonstrated distance

g = +

Calculated distance for flight operations

|
|
|
[€—+— 2 seconds at V|
| |

Airspeed

Y

Distance, s

AEO B <
Cd

M

N
A
&
o ,_>_
I

Figure 5.15 Rejected takeoff, accelerate—stop distance, AM 25.92 (Young 2018)
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6 Balanced Field Length

6.1 Numerical Solution
The condition for the Balance Field Length with a balanced decision speed v; p41anceq 1S:
SgrL = Sasp (V1) = Sagp (V1) (6.1)

The One Engine Inoperative Takeoff Distance s,;p(v;) is determined from (5.3) and the
Acceleration Stop Distance s,sp(v;) based on (5.90).

A detailed definition for the Balanced Field Length is provided in Chapter 1.2.
A loop is programmed in MATLAB with an interval for engine failure speeds from v, to vy

based on the requirement that vy,c; < v; < vg (See Figure 4.1), with minimum control speeds
from Table 6.1.

Table 6.1 Minimum Control Speeds
Confi 1+F Confi 2 Confi 3
Vyee (A320) [kt] 125 125 125.5
Vyce (A340) [kt] 109.5 107.5 107

The deviations As of the distances srop (v1) and s4sp (v4) are calculated in each loop:

A4s = | Sacp (V1) — Sasp (V1) | (6.2)

All result is stored in a matrix Z of the form:

SAGD(U1,i=1) SASD(vl,i=1) Vyi=1  ASi=

7 = (6.3)

SAGD(Ul,izn) Sasp(V1i=n) Vii=n 4Si=n

i  Loop count variable
n  End of the loop (= rows of the matrix)

The distances srop(v1,;) and s4sp(vy;) correspond to the searched balanced field length at the
position As; = 0. The associated "balanced" decision speed v, 5, and the BFL are determined
by interpolation based on As; = 0.
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6.2  Analytical Solution from Torenbeek

(6.4) presents an analytic method of calculating the BFL widely used in literature works of
aircraft design as for example in (Raymer 2012). The method is based on Egbert Torenbeek

BFL = —o0 (W/S +h )( - +27)+< o0 > 6.4
14+423G\pgC,y °)\Tp/W—-u s (6.4)

With flaps in takeoff position parameter u becomes:
u=0.01 CLmax,TO + U (65)

in most literatures (for example Raymer 2012) with p = 0.02 (concrete):

u = 0.01 Cppaxro +0.02 (6.6)
Average Thrust for Jets:
5 + Appr
Ty = 0.75 T, —] 6.7
av 0 4 + ABPR ( )
Factor G:
G =Y2 = Vmin (6.8)
Climb angle y5:
. |Tav | Cp,
Y, = arcsine % + E (6.9)
Yo 1-engine-out, climb speed, also called: ¥ imp
Ymin Minimum climb gradient allowed by the airworthiness regulations
two-engines: 0.024
3-engines: 0.027
four-engines: 0.030
CL> Cp at climb speed (v, = 1.2 vgqy), also called Cp, cjimp
Cpo Cp at climb speed v,
hsc Screen height: 35 ft commercial, 50 ft military
ABPR Bypass ratio
G Difference: ¥ciimp — Ymin, Often also called: Ay,
p Density at height H
PsL Density at sea level (H=0)

CimaxrTo Maximum C in a specific (takeoff) flap position
Ty Average thrust
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6.2.1 Derivation of the Decision Speed

f-—— ENGINE ¢aILURE (V, )
3 — RoTation iniTiateD (V)

B4 -——urtorr (Vige)

So-1

(V)

SCREEN HEIGHT
REACHED

Figure 6.1 Takeoff phases (Torenbeek 1982)

Torenbeek divided the takeoff is into 2 phases (as illustrated in Figure 6.1):
Phase 1:  Acceleration from standstill to engine failure at vg,resp. v,

Phase 2:  Motion after engine failure up to an altitude of 10.7 m (35 ft) with safety speed v,

Note: Torenbeek operates with the approximation vgr =~ v;.

Distance Phase 1 (v = vy ...v4)
U1
S-1= 57

0-1
with a mean acceleration a,_;:

7 1
(ao_l/g> = m_g (Tav — Dgyy — Ff)

(a_O—l) Tav p v12 SW

Distance phase 2 (v = v ... v3)

1 vzz_v12+h
51—2—)7 2g TO

(6.10)

(6.11)

(6.12)

(6.13)
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Torenbeek defines the equivalent climb gradient y regarding the distance s;_, as followed:
y = 0.06 + 4y, (6.14)
(6.14) is approximated based on empiric data.

The distance needed to complete the standstill:

vi
Sstop = T + Ulﬂt (615)

stop
The inertia time At is basically influenced by the thrust-weight ratio at v;.
Resulting from the condition for a balanced Takeoff Field Length s,sp (V1) = Srop (v1):

So-1 t+ Sstrop = So-1 t S1-2 (6.16)
Respectively:

SsTop = S1-2 (6.17)

If (6.13)and (6.15) are inserted, it is obtained that:

2 2 2
Ux U3 hto) Ux
— + v, - At = —+— | — == (6.18)
2 astop x (2 Yy Y 2 Yyg
Further transformation gives:
2 2 2
Uy Uy U2 hto)
——t —— 4 v, At = —+— (6.19)
2850p 279 7 <2Y9 14
and
2V g Qgpop At 27g-a V2 h
ppq X8 o 2, V9 Tm<f + ?>=o (6.20)
(@stop +7 9) Gorop 7 I\27 9 7
Vy Engine Failure Speed
By zero-point calculation:
279" Astop At
Uy = ——/C _
z(astop + Y g)
(6.21)

— — 2 _ —
+ <2yg'a5t0PAt> n Zyg'astop<vzz _I_hto)
B 2(C_lstop + )79) Astop TV 9 2y g 14
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Only the positive result is relevant and yields finally:

Uy 1 _ _ 2 (astop + Vg) 2 hto g )7 g At
—=— A2+ ———— |1+ -
vy 1222 \/( Astop V 9 ) C_lstop U% v,

Approximation v; /v, from Torenbeek 1972:

1/2
vy ) 1429 hgo/vs v gt —1)

v, )7 _ v,
L+ /(a/g)stop

(6.22)

(6.23)

The simulation indicated that the results are consistently too low (for the two-engine jet). To
optimize the output over as wide a range of parameters as possible, the BFL is corrected

correspondingly according to (6.24).

Corrected BFL (two-engine jet):

BFL —105[ 0.863 <W/S +h )( ! +27)+< 695 )l
l1+236\pgC, ) \T/w—u T Vp/psi

(6.24)
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6.2.2 Derivation of the Balanced Field Length

Derived from the condition: v; < vg and s;_; = Sgzop:

BFL =

v;
4

1 1 29 hro Asto
+ 1+ +
I(‘/ Jo-1 (@/9)sto ]( 2 ) ( ) (6.25)
29{”m} Y/ Do-r - (@] Dstoy v3 Jo

The inertial distance of 200 m (655 ft) with At = 4.5 s result according to Torenbeek from
"typical" values from combinations for the wing and thrust loads. The values apply to propellers
as well as jet engines.

Ay, is the difference between the lift gradients for the 2nd segment and the minimum lift
gradients, limited by the "airworthiness regulations.”

The safety speed v is derived based on the corresponding coefficient €Ly

v: = Z—W (6.26)
P SwCL,

For the average acceleration @, a statistical value of a,,, = 0.37g was determined based
on 15 different (transport) jet. For optimal braking with lift dampers and nosewheel braking,
(negative) accelerations, or braking effects, of @s,, = 0.45 g to as,, = 0.55 g are possible

on dry surfaces.

If all correlations and equations are taken into account, the following is obtained:

2 W
_ P Sw:cL,
BFL‘Z {1+0.06+Ay2}
9 0.37
1 L0
T (Co—ncy LW Gy 2W 037 (6.27)
[ Wro p T HbLITZ w P SwCL,

1+

29 hro n (ASTO)
2W Vo
P SwCL,
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With
p=u—(Cp—ucy) (6.28)
results:
1 1 W /Sy
BFL = + 27| ——
{O.43+ Ayz} r ., P Sw*cL,
037 7037 |Wro H
(6.29)
29 - hro Asto
1+ =2 )+ ( = )
P SwrcL,

By further transformation finally (6.4) evolves:

BFL = —2903 (WT"/S +h ) ( ! +2 7) + (ASTO) (6.4)
14234y, \pgCa ) \Ta/Wro—u' Vo |
Often (as in Raymer 2012) the equation is given with statistical mean values for Astg
With: Astg = 200 m (655 ft)
This yields in:
BFL = — 503 <WT°/S +10 7)( ! +2 7) + (200> (6.30)
1+23-4y; \pgCp ) \Tap/Wro —u' Vo .
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6.3  Analytical Solution from Kundu

Kundu assumes an average acceleration a until reaching the obstacle height of 35 ft and a
corresponding speed v,, thus summarizing the sections on the ground and in the air:

—fvzvd —1fv2vd _u (6.31)
Srorn = |7 Ta), @ T 2a '
_ g T D uW —uL
a=[r-0)—uw -1 =g ()1 -5 -+ 5 (6.32)
2-1.22W/S
3 = 2L WS (6.33)
pCLmax,TO

HL..

As well as Loftin by omitting the term " — % - % += due to the small(er) contribution:

1 1.44W/S

STOFL = [g(T/W)] pP CLmax,TO (6.34)

L 1aa/p, (W/S)
STOPL = 700 Comanto (T/W) (6.35)
(144) /py  (W/S) 639

S =
ToFL go CLmax,TO (T/W)

For two-engine Jet Kundu recommends a factor of 0.5 due to the failed engine applied on the
static net thrust ():

144 1 W/S)

STOrL = 0.59p0 0 Crmaxro (T/W)

(6.37)

For four-engine Jet Kundu suggests a factor of 0.75 (loss of thrust by a fourth) regarding the
net static thrust due to the failed engine (Tpg; = 0.75 Trp):

1.44 1 (W/S) (6.38)
s = ' :
rort 0.75 gpPo O CLmax,TO ( T/W)
For four-engine Jet Kundu (corrected)
1.44 1 w/s
w/s) (6.39)

STOFL = 0.57 g po . 9 CLmax,TO (T/W)

Based on the findings (Chapter 9), the factor 0.75 (four engines) according to (6.38) does not
lead to satisfactory results. The factor was adjusted in accordance with (6.39)
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7 Takeoff Field Length

The Takeoff Field Length is the longest of the following three distances:

1. Accelerate Stop Distance with an engine failure 1 second before the decision speed v,
(without reverse thrust in case of a dry runway),

2. Takeoff Distance (s,¢p) until the screen height (35 ft) is reached with an engine failure one
second before the decision speed v,

3. (Factored) Takeoff Distance (syop1.15) With all engines operative (AEO) until the screen
height (35 ft) is reached plus an additional 15% safety margin

7.1  Numerical

For the (partial) numerical calculation of the TOFL, the BFL is calculated according to
Chapter 6.1. In addition, the ground roll distance, the rotation distance, as well as the air
distance in the AEO case are determined, whereby the sum results in the TOD s;op. The TOD
incl. 15% markup then yields the factorized TOD s;¢pq.15. The greater distance of s;op; 15 and
sgrL consequently gives the TOFL syog.. The correlations are summarized in table Table 7.1.

Table 7.1 Numerical Takeoff Field Length Calculation
Sign Condition Chapter
TOD; 15 = 1.15-[ Ground Roll Distance (AEO) Chapter 5.2.4 (numerical)
+ Rotation Distance (AEO) Chapter 5.3 (analytical)
+ Air Distance (AEO) ] Chapter 5.4 (analytical)
BFL Condition: ASD (v1) = TOD (v1) Chapter 6.1

TOFL =max ( TOD, ;5 ,BFL)
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7.2 Analytical from Loftin

Ground Roll Distance Sy, based on Chapter 5.2.1:

1 . — 2
Srog = =+ Mro - (Vpor — Yw) . (5.14)
2 Tro — Dro —u(mg — Lro) — mgg g siny
With a lift coefficient ratio:
2w
CLior _ _ Vior Sw P 1)
CL,max,TO 22 w
vg Sw p
Crror _ Usz _ Vsz (7.2)
CL,max,TO Ufop (1.2 - vy)?
1
Crior = 122 CLmax,r0 (7.3)
Lift-off speed:
2g mro 1
v = |——— (7.4)
Lor j P Sw Cpror
Assumptions:
° U, = 0
[ ] y = 0

evi=12'v, = 1.2 vior
T >D&Fs

By neglecting the term " — Do — u(mg — L1o) — mpo g siny " and the above assumptions:

1 _ Myro/Sw
p-Crror Tro/(Mmyro - 9)

(7.5)

Stoc =

Note: Due to the simplifications, the ground roll distance given by (7.5) is too short and only
serves as a basis for further calculations to determine the TOFL.

k, is a factor introduced by Loftin which is used as a markup on the ground roll distance to
derive the TOFL from it.

StorL = Stoc Kx (7.6)

1 _ Myro/Sw
P CproF Tro/(Myro - 9)

StorL = Ky (7.7)
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Further transformation gives:

1.22 p, 1 Myro/Sw
S =k : . (7.8)
TOFL =% g P Comaxro Tro/(Mmyro - g)
Constant values are combined to a factor k,:
1.22
kTO == kx e (79)
Po
This leads to the final equation:
1 m S
SrorL = kro uro/Sw (7.10)

0 Comaxro Tro/(Myro - 9)

A statistical evaluation of Loftin in a variety of jet aircraft resulted in an average of ko, = 2.34.
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7.3 Analytical from Kroo

Kroo adopted a similar procedure but did not apply a linear approach and made a distinction
according to the number of engines. A statistical evaluation yielded:

Two engines:
STOFL,Zeng = 8574‘ + 284‘3 X + 00185 x2 (711)

Four engines:
SrorLaeng = 486.7 + 26.20 x + 0.0093 x? (7.12)
with Thrust T(v) at v = 0.7 - viof (based on Chapter 2.8):
T7v,, =NI[1—K;(0.7v,0r) + K, (0.7 Vior)?] (7.13)

K,, K, from (2.98) and (2.99).

Index variable x
WZ

x = 7.14
0 CLmax,ro Sw T7veo ( )
Weight (imperial) w [1bs]
Thrust at 0.7 v, (imperial) T7vio [1bf]
index variable x [Ibs/ft? ]

The curves for the TOFL depending on the index (from (7.14) ) according to (7.11) and (7.12)
are visualized with Figure 7.1.

16000 @ V=0.0185x2 +28.43x + 857.4
14000
)
12000 y=0.0093x2 + 26.2x + 486.7
()
g 10000 .'_.-'
g 8000 '.-' ®2eng
F 6000 PO
4 eng
4000 -
2000 $
0
0 100 200 300 400 500
index

Figure 7.1 TOFL curves (Kroo)
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7.4  Modified Analytical Solution from Loftin

Following the analytical method of Loftin, the index x from (7.15) is used to statistically
evaluate the TOFL using the main aircraft parameters myzo/Sw, Tro/(Mmyro - g) and
Crmaxto- The values for the parameters and TOFL are taken from the source Jenkinson 2001.

Index variable x:
1 ~__ Muro /Sw
0 Comaxro Tro/(Muro * 9)

x = (7.15)

For the (linear) trend line, unlike Loftin, no intersection point was forced at the origin. This
results in a classical linear equation:

STOFL =m-*x+ b (716)

1 _ Muyro/Sw
0 Comaxro Tro/(Myro - 9)

STOFL =m:- + b (717)

StorL (2&4 Engine Jet)

3500
3300 ._,.--"o
3100 @ =
2900 ° .
g 2700 o ..
2 2500 i
& 2300 °e. o ®
e ¢
2100 °
1900 %P
[ ]
o ' [ J
1700 .
1500
400 600 800 1000 1200 1400 1600
X
Figure 7.2 Statistical TOFL evaluation
An evaluation results in (7.18) according to Figure 7.2.
STOFL = 1876 X + 54328 (718)

This leads to a coefficient of determination (R?) of 0.8553 with maximal deviation from -293 m
to + 393 m (see Figure 7.3).
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StorL (284 Engine Jet)
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Figure 7.3 Residuals (statistical TOFL evaluation)

If a height difference is also to be considered, the start thrust must be adjusted (reduced). For
this purpose, the thrust equation from Chapter 2.8 was evaluated according to Bartel 2008 as
shown in Figure 2.29. The mean value for the thrust decrease per meter height difference was
determined with (7.19). A scale of values was evaluated for velocities in the takeoff-relevant
range between 0 ma and 0.3 ma as well as from 0 m to 3000 m

T/T, =1-52224-10"°-H (7.19)
Thrust
1 T
H=0m
H=1000 m
0.95 g H=2000 m
0.9k
0.85
io 0.8
F
0.75
0.7
0.65
0.6

0 0.05 0.1 0.15 0.2 0.25 0.3
M

Figure 7.4 Average height dependent thrust reduction

Figure 7.4 shows the curves that result at an altitude of 0 m, 1000 m and 2000 m by
using (2.100) from Bartel 2008. The dashed lines result in each case from a thrust ratio that
was calculated using (7.19). (7.19) is used as follows for the evaluation of all analytical
procedures where the maximum net thrust is used to adjust the thrust according to an altitude
variation.
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8  Sample Aircraft Parameters

In order to compare the analytical (simplified) equations with the results from the numerical
solution methods, an aircraft type must be selected for which the results are compared using the
computational algorithms presented. The input values, i.e., all geometries and coefficients, must
be used consistently in all equations in order to make the results comparable. The aim is not to
exactly reproduce the performance of specific aircraft models. For this, all geometries, polars,
coefficients, ...etc. would have to be known in detail. Rather, 2 models should be used, which
provide realistic parameters and thus offer feasible results for the performance. In the context
of this Thesis 2 model airplanes are analyzed with respect to the takeoff performance. Although
not all parameters are publicly available from the aircraft manufacturers, they can often be
estimated with good approximation. In some places, statistical values are applied. The two
sample aircrafts will basically be based on two Airbus models:

1.) Airbus A320-200
2.) Airbus A340-300

Two models were chosen for which a sufficient number of parameters are accessible in order
to make the analysis as real as possible. An aircraft with 2 engines and another with four engines
are to be considered, since the limiting takeoff distance differ from one another. For jet with
four engines, the factorized takeoff distance (TOD + 15%) is usually the limiting element, while
for jet aircraft with two engines, the BFL is the limiting factor. This relationship is confirmed
with the results from Chapter 9. All equations are tested for both aircraft types.
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8.1 Geometry of the Flaps

Both Airbus models are equipped with single-slotted Fowler flaps. The flap geometry was not
available for the sample models. Therefore, the flap geometry had to be estimated from different
image sources. Known parameters (bs, b, ¢, S,) from (Airbus 2005c) (Airbus 2005d),
(Wikipedia 2021c) and (Wikipedia 2021d) were taken as a basic measure to estimate the
relations from the sources according to Table 8.1, Table 8.2 and scaled models in (Airbus
2021c) as well as in (Airbus 2021d). The results are presented in Table 8.3.

Table 8.1 Source, flap geometry (A320)
A320 Sources
Archived Bitly-Link

https://perma.cc/FA4ZN-9FQG
https://perma.cc/GY88-ZBXG

https://bit.ly/3HWcNhg
https://bit.ly/313VOLf

Table 8.2 Source, flap geometry (A340)
A340 Sources
Archived Bitly-Link

https://perma.cc/7E4G-1Z262 | https://shutr.bz/3nKugBi

https://perma.cc/2ATJ-8X7Q

https://shutr.bz/3nHoZKs

https://perma.cc/N8KS-JP8K

https://bit.ly/3nHVvfs

https://perma.cc/F5H2-JBKD

https://bit.ly/30Yj7Uy

Table 8.3 Flap parameter results
A320 A340
Unit Value Value
c [m] 3.73 7.44
cr [m] 0.89 1.6
by [m] 24.54 32.90
Sw,f [m2] 80.92 244.74
¢/ c [] 23.87% 21.51%
Sw.r/Sw [] 70.14% 67.40%
be /b [-] 67.18% 56.72%
Note: All specified chords are mean chords (MAC).


https://perma.cc/F4ZN-9FQG
https://bit.ly/3HWcNhg
https://perma.cc/GY88-ZBXG
https://bit.ly/3l3V0Lf
https://perma.cc/7E4G-JZ62
https://shutr.bz/3nKugBi
https://perma.cc/2ATJ-8X7Q
https://shutr.bz/3nHoZKs
https://perma.cc/N8KS-JP8K
https://bit.ly/3nHVvfs
https://perma.cc/F5H2-JBKD
https://bit.ly/30Yj7Uy

8.2

The parameters necessary for the performance calculation are collected in Table 8.4.
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Geometry of the Vertical Tailplane

Table 8.4 VTP / rudder parameter
A320 A340
Sign  Unit | Value Source Value  Source
hy [m] 5.87 [Airbus 2005c] 8.3 [Airbus 2005d]
Iy [m] 12.53 [Jenkinson 2001] |27.5 [Jenkinson 2001]
Iy [m] 5.75 [Airbus 2005c] 19.22  [Airbus 2005d]
s, [m2] |215 [Wikipdia 2021c] | 45.3 (2.51)
s, [m2] |7.19 (2.52) 14.15  (2.52)
oy [ 1.6 (2.29) 1.52 (2.29)
Py [°] 34.95 (2.53) 40.96 (2.53)

VTP A320-200

VTP A340-300

5.87 m \
(19.26 1t
r _F_ 8.14m
@67 1) L
7
8.3m
/| (27.:3 fo)
N — | , L
] === S~ =
—_— e
7.8m T
(25.59 ft)
Figure 8.1 VTP images (Lufthansa 2021a & 2021b, Airbus 2005c, & 2005d)

The VTP parameters are scaled according to given dimensions (Hy, cp), based on Figure 2.10
and Figure 8.1.
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8.3 General Aircraft Parameter

The main parameters are summarized in Table 8.5.

Table 8.5 Main aircraft parameter
A320 A340
Sign Unit Value Source Value Source
General Aircraft Parameter
m [t] 78 [Wikipedia 2021c] 271 [Wikipedia 2021d]
w [kN] 765 (5.10) 2,658 (5.10)
Wing

h,, [m] 3.31 [Airbus 2005c] 4.73 [Airbus 2005d]

b, [m] 34.1 [Wikipedia 2021c] 58 [Jenkinson 2001]
S, [m?] 122.6  [Wikipedia 2021c] 363.1 [Jenkinson 2001]
A [-] 9.5 (2.29) 9.26 (2.29)

2 [-] 0.24 [Jenkinson 2001] 0.251 [Jenkinson 2001]
Pwoye [°] 25 [Jenkinson 2001] 29.7 [Jenkinson 2001]

Coefficients

M [-] 0.02 [Table 5.2] 0.02 [Table 5.2]

e (clean) [ 0.795 (2.38) 0.783  (2.38)

Cpociean 0.0194 (2.47) 0.0193 (2.47)

CLo.clean [-] 0.2 Estimated (typical value) 0.2 Estimated (typical value)
CLaipha [] 4.83 (2.28) 4.66 (2.28)

Cl, aipha [-] 5.21 (2.90) 4.80 (2.90)

Breaking Coefficients

Ug [-] 0.35 [Table 5.9], [Table 5.10] 0.35 [Table 5.9], [Table 5.10]
f, [-] 0.91 [Airbus 2005c] 0.91 [Airbus 2005d]

Note: The coefficients with respect to the asymmetric flight conditions are (partially) speed
dependent. To get an idea regarding the magnitude and partition, see Figure 2.11 to
Figure 2.14 and Figure 2.15 to Figure 2.17.
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Flap Dependent Coefficients

Additional coefficients, which depend on the flap angle, are listed in Table 8.6.

Table 8.6 Flap dependent coefficients
A320 A340
[] value source [F]  value source
CDO,gear
Confi 1+F |10 0.0152 (8.1) 17 0.0241 (8.2)
Confi 2 15 0.0145 22 0.0231
Confi 3 20 0.0136 26 0.0221
Cpos
Confi 1+F |10 0.00307 (2.91) 17 0.00261 (2.91)
Confi 2 15 0.00395 22 0.00521
Confi 3 20 0.00482 26 0.00894
Crof
Confi 1+F |10 0.462 (2.78) 17 0.578 (2.78)
Confi 2 15 0.681 22 0.733
Confi 3 20 0.894 26 0.838

The correlation between the flaps and the coefficients Cp r and C f is graphically visualized
with Figure 8.3 and Figure 8.4 for the respective A/C model.

The statistical average values from Figure 2.7 are transferred to Excel to extract polynomial
functions depending on the flap angle &, (see Figure 8.2). The resulting functions are provided
with (8.1) and (8.2).

Figure 8.2

Small / Medium Transports

10 15 20 25 30
6f ']

35

40

ACDO,gear

Landing gear drag coefficient (Excel)

Large Transports

10 15 20 25

Sf [

30 35

40
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Large Transports:
ACDOgeqr = 4-1078 67 — 7.485- 1076 §7 + 3.542- 1073 §7 + 2.551 - 1072 (8.1)

Medium/Small Transport:

ACDOgeqr = —1.8-107¢- 67 —3.48-107° - 67 + 1.57 - 1072 (8.2)
ACLO,f ACDO,f ACDO,f / ACLO,f
16 0.10 0.10
350 0.09 sl 0.09 = A
P 0.08 0.08 :
12 o A
- 0.07 0.07 g
1 0.06 0.06
“— 20° e / b
S o8 ; 2 005 8 o005 .:‘
g s S ; Q 20° N
515 J = :
0.04 50 0.04 3
. s 10° 0.03 0.03 i -
* ! 0.02 ' 15 0.02 10° A
0.01 _,,»'/10" 0.01 ﬂ
00 4 0.00 = 0.00 a-reer®
0.0 100 200 300 400 0.0 100 200 300 400 0.0 05 1.0 15
5t 7] 5t [°] ACLO,f

Figure 8.3 Flap increments (A320)
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Figure 8.4 Flap increments (A340)

Note: The illustrated drag coefficient increment Cp, ¢ includes the (additional) induced drag
resulting from the flaps according to (8.3) with factor k4, from (2.96).

CDf,induced =kro 'ACLzo,f (8.3)
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8.5  Lift Slope Coefficient

With respect to the performance calculation, mean values regarding the Lift curve slope
coefficients Cy, g ;pnq (clean) and Cj 4,0, (extended flaps) were applied based on the curves in

Figure 8.5. The computations are on the grounds of (2.28) and (2.90). The results are presented
in Table 8.5.

Lift Curve Slope (A320) Lift Curve Slope (A340)

5.40 4.90

5.35

5.30

525 4.85

5.20 /_//

515 4.80

5.10

5.05

= = =clean = = =clean
S 500 o S s
ros — =10 —_—5f=17°
4‘90 6f=15° 8f=22°
) -~ — 5f=20° 7 =26°
_ - 470 5f=26
4.85 =" - ‘
480 = === 7 -
L ”
4.75 -
4.65 -
470 _--"
465
460 4.60
0 0.05 01 015 02 025 0 0.05 0.1 0.15 0.2 0.25
M M

Figure 8.5 Lift curve slope coefficients “clean” and with extended flaps
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8.6  Engine Parameter
Table 8.7 Engine parameter

A320 A340
Sign Unit Value Source Value Source
N [] 2 4
d; [m] 1.74  [Airbus 2005c] 1.84  [Airbus 2005d]
VREL [] 0.92 [Torenbeek 1982] 0.92 [Torenbeek 1982]
Tiate kN] |6 (2.107) 10 (2.107)
Ty [kN] 117.9 [Wikipedia 2021b] 138.8 [Wikipedia 2021b]
Aspr [-] 6 [Wikipedia 2021b] 6.5 [Wikipedia 2021b]
d, [m] 2.43  [Airbus 2005c] 2.3 [Airbus 2005d]
dran 1.84 [Wikipedia 2021b] 1.74  [Wikipedia 2021b]
di " 1.6 [Airbus 2005¢] 1.69  (2.50)
Ay [m2] (243 (2.63) 2.3 (2.63)
8.7  Maximum Lift Coefficient

The maximum lift coefficient Cjp .4, 1S derived directly from the stall speeds
Vs 14 from (Airbus 2005a) and (Airbus 2005b) in the specific flap positions based on (2.72).
Respective values are summarized in Table 8.8 and Table 8.9.

Table 8.8 CLmax, A320 (M=78 t)
Confi F+1 2 3 Full
Vs1g 136 129 127.5 122.5
Cromax 2.08 2.32 2.37 2.57
Table 8.9 Cromax» A340 (M=2711)
Confi F+1 2 3 Full
Vs1g 142 136.5 134.5 131.5
Cromax 2.24 2.42 2.47 2.61
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9 Simulation Results

Table 9.1 summarizes the analytical equations on which the results are based.

Table 9.1 Analytical equations
Equation
Torenbeek (6.4)
Torenbeek, corrected (6.24)

BFL
Kundu (factor 0.5/ 0.75)

Kundu (factor 0.5/ 0.57)

TOD1.15 | Multiple Sources

(6.37), (6.38)
(6.37), (6.39)
(5.7)

Kroo
TOFL Loftin (kTO = 2.34)
Loftin (y = m x + b)

(7.11), (7.12)
(7.10)
(7.18)

In the following subchapters outputs are presented in which different parameters are varied,

such as:

* height and flap configuration (Chapter 9.1)
 thrust to weight ratio and wing loading (Chapter 9.2)

Furthermore a distance breakdown for the numerical soulutions is provided in Subchapter 9.3

The maximum discrepancies of the analytical solutions are indicated in Chapter 9.4.

Outcomes in Chapter 9.1 to Chapter 9.3 where the analytical solutions differ by greater (or
equal) 10% are marked accordingly in red, a deviation less (or equal) 5% are highlighted in

green.

For all results is valid that:
e vw = 0 kt,
e slope = 0%.
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9.1 Height Variation

9.1.1 Two-Engine Jet

In Table 9.2. Table 9.3, Table 9.4, the results are presented with the "default”" parameters
(T, = 117.9 kN, m = 78 t) and altitude variation from 0 to 2000 ft with three different flap
settings.

Table 9.2 A320 (H =0 ft)

Confi 1+F Confi 2 Confi3
S A A S A A S A A
m]  [m] [%] [m] [m] %] | [m] [m] [%]
Numerical 2445 2265 2240
BEL Analytical Torenbeek 2253 -192 -7.9% | 2074 -191 -8.4% |2026 -214 9.6%
Torenbeek, corrected 2366 -79 -3.2% | 2178 -87 -3.9% (2127 -113 -5.0%
Analytical Kundu 2333 -112 -46% | 2091 -174 -7.7% |2047 -193 -8.6%
TOD1.15 |Numerical 2221 2008 1967
Numerical 2445 2265 2240
TOFL Analytical Kroo 2690 245 10.0% | 2408 143 6.3% |2358 118 5.3%
Analytical Loftin (ko =2.34) | 2322 -123 -5.0% | 2082 -183 -8.1% (2038 -202 -9.0%
Analytical Loftin (y=mx+b) | 2405 -40 1.6% | 2212 -53 2.3% (2177 -63 2.8%

Table 9.3 A320 (H = 1000 ft)

Confi 1+F Confi 2 Confi 3
s A A s A A s A A
[m] [m] [%] [m] [m] (%] | [m] [m] (%]
Numerical 2554 2372 2345
BEL Analytical Torenbeek 2317 -237 -9.3% | 2132 -240 -10.1% (2083 -262 -11.2%
Torenbeek, corrected 2433 -121 -4.7% | 2239 -133 -5.6% |2187 -158 -6.7%
Analytical Kundu 2441 -113  -4.4% | 2189 -183 -7.7% (2142 -203 -8.6%
TOD1.15 |Numerical 2310 2088 2045
Numerical 2554 2372 2345
Analytical Kroo 2779 225 8.8% | 2486 114 4.8% (2434 89 3.8%
TOFL Analytical Loftin (ko =2.34) | 2430 -124 -4.9% | 2178 -194 -8.2% (2132 -213 -9.1%
Analytical Loftin (y=mx+b) | 2491 -63 2.5% | 2290 -82 3.5% |2253 -92 3.9%

Table 9.4 A320 (H = 2000 ft)

Confi 1+F Confi 2 Confi 3
S A A s A A S A A
[m] [m]  [%] [m] [m] [%] | [m] [m] [%]
Numerical 2677 2495 2466
BEL Analytical Torenbeek 2383 -294 -11.0%| 2192 -303 -12.1% (2142 -324 -13.1%
Torenbeek, corrected 2502 -175 -6.5% | 2302 -193 -7.8% (2249 -217 -8.8%
Analytical Kundu 2556 -121 -45% | 2291 -204 -8.2% (2243 -223 -9.0%
TOD1.15 |[Numerical 2407 2174 2129
Numerical 2677 2495 2466
TOFL Analytical Kroo 2873 196 7.3% | 2568 73 29% |2513 47 1.9%
Analytical Loftin (k;; =2.34) | 2544 -133 -5.0% | 2281 -214 -8.6% (2232 -234 -9.5%
Analytical Loftin (y=mx+b) | 2583 -94 3.5% | 2372 -123 49% [2333 -133 5.4%
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9.1.2 Four-Engine Jet

In Table 9.5, Table 9.6 and Table 9.7, the results are presented with the "default” parameters
(T, = 138.8kN, m = 271 t) and altitude variation from 0 to 2000 ft with three different flap
settings.

Table 9.5 A340 (H=0ft)
Confi 1+F Confi 2 Confi3
S A A S A A s A A
[m] [m]  [%] [m] [m] %] | [m] [m] [%a]
Numerical 3255 3042 3032
Analytical Torenbeek 3331 76 2.3% | 3151 109 3.6% |3123 91 3.0%
BFL Torenbeek, corrected 3498 243 7.5% (3309 267 8.8% [3279 247 8.2%
Analytical Kundu (factor 0.75) 2500 -755 -23.2%| 2314 -728 -23.9%| 2267 -765 -25.2%
Kundu (factor 0.57) 3289 34 1.0% | 3045 3 0.1% | 2983 -49 -1.6%
TOD1.15 Numerical 3413 3162 3139
Numerical 3413 3162 3139
TOFL Analytical Kroo 3771 358 10.5% 3470 308 9.8% |3395 256 8.2%
Analytical Loftin (k o = 2.34) 3732 319 9.3% (3454 292 9.3% | 3385 246 7.8%
Analytical Loftin (y =mx +b) 3535 122 3.6% (3313 151 4.8% |3257 118 3.8%
Table 9.6 A340 (H = 1000 ft)
Confi 1+F Confi 2 Confi 3
s A A S A A s A A
[m]  [m] [%] [m]  [m] (%] | [m] [m]  [%]
Numerical 3412 3190 3181
Analytical Torenbeek 3424 12 0.4% | 3239 49 1.5% (3210 29 0.9%
BFL Torenbeek, corrected 3595 183 5.4% [3401 211 6.6% |3371 190 6.0%
Analytical Kundu (factor 0.75) 2574 -838 -24.6%|2383 -807 -25.3%|2335 -846 -26.6%
Kundu (factor 0.57) 3387 25  -0.7% | 3135 -55 -1.7% | 3072 -109 -3.4%
TOD1.15 Numerical 3565 3302 3279
Numerical 3565 3302 3279
Analytical Kroo 3903 338 9.5% (3591 289 8.8% 3513 234 7.1%
TOFRL Analytical Loftin (k7o = 2.34) 3905 340 9.5% [3615 313 9.5% |3542 263 8.0%
Analytical Loftin (y =mx +b) | 3674 109 3.1% |3441 139 4.2% |3383 104 3.2%
Table 9.7 A340 (H =2000 ft)
Confi 1+F Confi 2 Confi 3
s A A s A A s A A
[m]  [m] [%] [m]  [m] [%] | [m] [m]  [%]
Numerical 3587 3358 3349
Analytical Torenbeek 3521 -66  -1.8% (3331 -27 -0.8% |3301 -48 -1.4%
BFL Torenbeek, corrected 3697 110 3.1% (3498 140 4.2% | 3466 117 3.5%
Analytical Kundu (factor 0.75) 2652 935 -26.1%|2454 -904 -26.9%| 2405 -944 -28.2%
Kundu (factor 0.57) 3489 -98  -2.7% (3229 -129 -3.8% |3164 -185 -5.5%
TOD1.15 Numerical 3731 3456 3432
Numerical 3731 3456 3432
Analytical Kroo 4042 311 83% [3717 261 7.6% |3637 205 6.0%
TOFL Analytical Loftin (k ;o = 2.34) 4089 358 9.6% [3785 329 9.5% |3708 276 8.0%
Analytical Loftin (y =mx +b) 3821 90 2.4% |3577 121 3.5% |3516 84 2.4%
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Thrust to Weight Ratio Variation

Table 9.8 and Table 9.9 show the output for a two-engine jet with a varying T/W ratio.

Table 9.8 BFL: A320, variable thrust/weight (confi 1+F, H = 0 ft)
Numerical Torenheek Torenbeek, corrected Kundu
T [kN] =2 |111.2 117.9 133.5 111.2 117.9 133.5 | 111.2 117.9 133.5 | 111.2 117.9 1335
m/s,, lke/m’] L m [t] BFL [m] BFL [m] BFL [m] BFL [m]
571 70 2122 2019 1842 1973 1873 1684 | 2072 1967 1768 1992 1879 1659
587 72 2233 2118 1924 2071 1965 1764 | 2175 2063 1852 2107 1988 1755
604 74 2351 2221 2008 2172 2059 1846 | 2281 2162 1938 2226 2100 1854
620 76 2477 2330 2095 2275 2155 1929 | 2389 2263 2025 2348 2215 1956
636 78 2616 2445 2185 2380 2253 2014 | 2499 2366 2115 2473 2333 2060
A
571 70 71.02% -7.23% -858%|-237% -259% -4.01% |-6.13% -6.93% -9.93%
587 72 -1.25% -7.22% -832%| -2.62% -258% 3.73% |-5.64% -6.14% -8.78%
604 74 -1.61% -7.29% -8.07%|-299% -266% -3.47%|-532% -545% -7.67%
620 76 -8.16% -7.51% -7.92%| -3.56% -2.89% -3.32% |-5.21% -4.94% -6.63%
636 78 9.02% -7.85% -7.83%|-447% -3.25% -3.22% |-547% -458% -5.72%
Table 9.9 BFL: A320, variable thrust/weight, continued
Numerical Kroo Loftin (k p=2.34) Loftin(y=mx+b)
T [knN] = |111.2 117.9 133.5 111.2 117.9 133.5 | 111.2 117.9 133.5 | 111.2 117.9 133.5
m/s ,, [ke/m’] L m [i] BFL [m] BFL [m] BFL [m] BFL [m]
571 70 2122 2019 1842 2275 2148 1906 | 1983 1870 1651 2133 2042 1867
587 72 2233 2118 1924 2412 2275 2015 | 2098 1978 1747 2225 2129 1944
604 74 2351 2221 2008 2554 2408 2130 | 2216 2090 1846 2320 2219 2023
620 76 2477 2330 2095 2703 2546 2249 | 2337 2204 1947 2417 2310 2104
636 78 2616 2445 2185 2858 2690 2372 | 2462 2322 2051 2517 2405 2187
571 70 7.21% 6.39% 3.47% | -6.55% -7.38% -10.37%| 0.52% 1.14% 1.36%
587 72 8.02% 7.41% 473% | -6.05% -6.61% -9.20% |-0.36% 0.52% 1.04%
604 74 863% 842% 6.08% | -574% -590% -8.07% |-1.32% -0.09% 0.75%
620 76 9.12% 9.27% 7.35% | -5.65% -5.41% -7.06% | -2.42% -0.86% 0.43%
636 78 9.25% 10.02% 8.56% | -5.89% -5.03% -6.13% | -3.78% -1.64% 0.09%
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9.2.2 Four-Engine Jet

Since for a four-engine Jet the TOD1.15 = TOFL. The results for the analytical BFL and TOFL
had to be seperated in Table 9.10, Table 9.11 and Table 9.12.

Table 9.10 BFL: A340, variable T/W (confi 1+F, H =0 ft)

Numerical Torenbeek Torenbeek, corrected
T [knN] = |138.8 144.6 151.3 138.8 144.6 151.3 138.8 144.6 151.3
m/s ., [ke/m*]l L m [f] 4 BFL [m] BFL [m] BFL [m]
689 250 2761 2647 2533 2832 2703 2570 2974 2838 2699
716 260 2986 2855 2725 3063 2921 2775 3216 3067 2914
744 270 3230 3077 2929 3306 3150 2988 3471 3308 3137
771 280 3496 3317 3145 3560 3389 3212 3738 3558 3373
799 290 3793 3577 3377 3826 3638 3445 4017 3820 3617
A

689 250 257% 2.12% 1.46% 7.70% 7.22% 6.53%
716 260 258% 231% 1.83% 7.71% 7.43% 6.93%
744 270 2.35% 237% 2.01% 7.47% 7.49% 7.12%
771 280 1.83% 2.17% 2.13% 6.92% 7.28% 7.24%
799 290 0.87% 1.71% 2.01% | 5.91% 6.79% 7.11%

Table 9.11 BFL: A340, variable T/W (confi 1+F, H = 0 ft), continued

Numerical Kundu (factor 0.75) Kundu (factor 0.57)
T [kNn] - |[138.8 144.6 151.3 138.8 144.6 151.3 138.8 144.6 151.3
m/S . [kg/m*] & m [t] L BFL [m] BFL [m] BFL [m]
689 250 2761 2647 2533 2127 2042 1952 2799 2687 2568
716 260 2986 2855 2725 2301 2209 2111 3028 2906 2777
744 270 3230 3077 2929 2481 2382 2276 3265 3134 2995
771 280 3496 3317 3145 2669 2562 2448 3511 3370 3221
799 290 3793 3577 3377 2863 2748 2626 3767 3615 3455
A

689 250 -22.96% -22.86% -22.94%| 1.38% 1.51% 1.38%
716 260 -22.94% -22.63% -22.53%| 1.41% 1.79% 1.91%
744 270 -23.19% -22.59% -22.29%| 1.08% 1.85% 2.25%
771 280 -23.66% -22.76% -22.16%| 0.43% 1.60% 2.42%
799 290 -24.52% -23.18% -22.24%| -0.69% 1.06% 2.31%

Table 9.12 TOFL: A340, variable T/W (confi 1+F, H = 0 ft)

Numerical Kroo Loftin (k ;o=2.34) Loftin (y=mx+b)
T [kn] = |138.8 144.6 151.3| 138.8 144.6 151.3 | 138.8 144.6 151.3 138.8 144.6 151.3
m/s,, [ke/m 1L m [t 4 TOFL [m] TOFL [m] TOFL [m] TOFL [m]
689 250 2954 2849 2740 3151 3018 2879 3176 3049 2914 3090 2987 2879
716 260 3167 3052 2932 | 3437 3290 3136 3435 3297 3151 3297 3187 3070
744 270 3390 3263 3131 | 3739 3578 3409 3705 3556 3399 3513 3394 3268
771 280 3621 3482 3338 | 4060 3883 3698 3984 3824 3655 3737 3609 3473
799 290 3862 3708 3551 | 4400 4206 4003 4274 4102 3921 3970 3832 3687
A

689 250 6.67% 593% 507% | 7.52% 7.02% 6.35% | 460% 484% 5.07%
716 260 853% 7.80% 6.96% | 846% 8.03% 7.47% | 410% 442% A471%
744 270 10.29% 9.65% 8.88% | 9.29% 898% 856% | 3.63% 4.01% 4.38%
771 280 12.12% 11.52% 10.78% | 10.02% 9.82% 9.50% | 3.20% 3.65% 4.04%
799 290 13.93% 13.43% 12.73%|10.67% 10.63% 10.42%| 2.80% 3.34% 3.83%
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Distance Breakdown (BFL)

Two-Engine Jet

Table 9.13 shows the individual distance components that make up the BFL for the two-engine

jet.
Table 9.13 BFL: A320, Distance breakdown (confi 1+F, H = 0 ft)
confi 1+F confi 2 confi 3
[m] [ft] | [m] [ft] | [m] [ft]
Sg,AED 1167 3829| 1045 3428| 1009 3310
Sg OFI 418 1371| 336 1102 368 1207
Sg,08 350 1148| 331 1086| 326 1070
swros | 510 1673| 554 1818| 538 1765
SSrop 1278 4193 1221 4006 1232 4042
BFL 2446 8025| 2266 7434| 2241 7352
TOD.45| 2221 7287 2008 6588| 1967 6453

Figure 9.1 illustrates the (typical) curves of acceleration-Go-Distance and Acceleration-Stop-
Distance (ASD) with varying v1 for a two-engine Jet. The intersection point corresponds to the
BFL. Furthermore, it can be seen that the fatorized Takeoff Distance is below the BFL (as
expected for a two-engine jet).
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Table 9.14 shows the individual distance components that make up the BFL for the four-engine

jet.
Table 9.14
confi 1+F confi 2 confi 3
[m] [ft] | [m] [ft] | [m] [ft]
Sg AEQ 1878 6161 (1722 5650 |1704 5591
Sg.06! 622 2041 | 564 1850 | 571 1873
SR.OEI 256 840 | 246 807 | 244 801
swmorl | 461 1512 [ 472 1549 | 475 1558
Ssrop 1339 4393 |1282 4200 |1290 4232
BFL 3216 10551|3004 9856 (2995 9826
TODq3s| 3337 10948(3089 10135|3067 10062

BFL: A340, Distance breakdown (confi 1+F, H = 0 ft)

Figure 9.2 is the result of a simulation of the four-engine jet in configuration 1+F. Compared
to Figure 9.1 it can be seen that the factored takeoff distance is in this case (four engines) above
the BFL and thus represents the limiting factor with respect to the TOFL. Notice that this applies
to all results. Figure 9.1 and Figure 9.2 serve as exemplary visualizations of the subject matter.
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9.4 Summary of the Results

Table 9.15, Table 9.16, Table 9.17 display the maximum deviations of the analytical methods
results in comparison with the numerical simulation outcomes.

Table 9.15 A Min /Max (two engines)

Amin Amax

Analytical Torenbeek 7.0% 13.1%
BFL  Torenbeek, corrected (+ 5%) 2.4% 8.8%
Analytical Kundu 4.4% 9.9%
Analytical Kroo 1.9% 10.0%

TOFL Analytical Loftin (k ;, =2.34) 4.9% 10.4%
Analytical Loftin(y =mx +b) | 0.1% 5.4%

Table 9.16 A Min /Max (four engines)

Amin Amax
Analytical Torenbeek 0.4% 3.6%
Torenbeek, corrected (+ 5%) 3.1% 8.8%

BFL
Analytical Kundu (factor 0.75) |22.2% 28.2%
Kundu (factor 0.57) 0.1% 5.5%
Analytical Kroo 5.1% 13.9%

TOFL Analytical Loftin (k ;o =2.34) 6.4% 10.7%
Analytical Loftin(y =mx +b) | 2.4% 5.1%

Table 9.17 A Min /Max (total)

Amin  Amax
Analytical Torenbeek 0.4% 13.1%
Torenbeek, corrected (+ 5%) 2.4% 8.80%
Analytical Kundu (factor 0.5/ 0.75) | 4.4% 28.2%
Analytical Kundu (factor 0.5/0.57) | 0.1% 9.9%
Analytical Kroo 1.9% 13.9%

TOFL Analytical Loftin (ko =2.34) 49% 10.7%
Analytical Loftin (y =mx +b) 0.1% 5.4%
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10 Summary

The main intention of the bachelor thesis has been to provide (and test) analytical methods for
the calculation of the Takeoff Field Length (TOFL), an essential design parameter in aircraft
design. For this purpose, two sample aircraft were investigated (mainly based on Airbus
A320 - 200 and A340 - 300). This required the derivation of all relevant performance related
aircraft parameters and their dependencies, such as the components of the lift drag coefficient
and the drag coefficient in an AEO- or OEl-case. An altitude and speed dependent thrust
equation was presented, the influence of asymmetric flight conditions was described and the
variation of various parameters with the flap deflection has been discussed.

Moreover, the relationships between the individual speeds (vs, Vs 14, Vg, V2, Vior, V3, VeF, V1)
were highlighted and the conversion between calibrated, true airspeed was derived as a function
of the altitude and the Mach number. Furthermore, the most relevant regulations according to
CS 25/ FAR 25 were presented with reference to the (takeoff) performance. In compliance
with the relevant regulations and with knowledge of all relevant aircraft parameters and speeds,
the BFL and TOD, ;s could be established. To achieve this, the sections required were first
considered individually. Analytical methods were presented for all components of the takeoff
distance (ground roll distance, rotation distance, air distance).

Regarding the ground and stop distance as numerical solution approaches (Euler Method and
ODE45 - MATLAB) were introduced. In addition, analytical methods (from Kundu 2010,
Torenbeek 1982, Kroo 2001, Loftin 1980) for the calculation of BFL and TOFL were derived
and examined. Based on Loftin's approach, a statistical evaluation based on the parameters from
Jenkinson 2001 was evaluated and an analytical approach to determine the TOFL was derived
from it. Finally, a loop was programmed in MATLAB in which the BFL is numerically
simulated and visualized for different engine failure speeds. Furthermore, in each loop the
TOD, 15 is solved numerically as well. Eventually, the analytical and numerical results are
compared.

Note: The SAE paper mentioned in the problem statement does not provide a concrete
analytical BFL approach. The SAE paper describes a method for solving a polynomial function
for a polynomial nominator greater two with high computational efficiency. (5.43) provides a
very accurate analytical method for determining the ground roll distance (with velocity to the
power of two as the highest degree). For wet runways, the velocity v would occur at degrees
greater two. This thesis is limited to dry runways. For the purpose of this paper, the SAE paper
had no additional benefits; However, the paper gave some hints which led to the basic idea to
use Young's thrust model to produce an integral of the form (5.44) and to solve the ground roll
distance analytically without average velocity respectively without average thrust.



139

11 Conclusions and Recommendations

The report demonstrates that for two engines, the Balanced Field Length is the limiting factor,
while for four engines, the factored all Engines Takeoff Field Length defines the minimum
required Takeoff Field Length.

BFL (Torenbeek)

The equation of Torenbeek for the calculation of the BFL provides results, which differ from
the numerical solutions from 7% to 13.1% for the two-engine jet and 0.9% to 3.6% for the four-
engine Jet. There is no factor that simultaneously improves both outcomes. With an extra
markup, the results for the four-engine jet deteriorate, while the results for two engines become
more accurate. The intersection point for the best (overall) result is at a 5% markup and gives
results, which differ from 2.4% to 8.8% for the tow engine jet and 3.1% to 8.8% for the four-
engine jet. Torenbeek applies an average thrust, at the same time, based on statistical
evaluations of different aircraft models, an equivalent climb gradient and an average
deceleration. According to the evaluation (Figure 7.3), deviations of 13% are to be expected for
such a complex process as the BFL / TOFL (depending on the aircraft), therefore, overall, the
results seem plausible even without a markup. The Torenbeek approach can only be
recommended to a limited extent on the basis of the results, since the method is not intuitive to
use and also requires a certain amount of effort. It is recommended (in the early design stage)
to switch to the Loftin approach, the approach is "easier" to handle and at the same time gives
the more accurate results.

BFL (Kundu)

Kundu performs in the opposite way to Torenbeek. The calculation results for the two-engine
jet, for which a BFL calculation is of particular interest, achieves (superior) results (in
comparison to the four-engine jet) with deviations of 4.4% to 9%, can thus in principle offer an
option for initial design values. With a factor of 0.75 for a four-engine jet, as recommended by
Kundu, unacceptably high errors of 22.2% to 28.2% are obtained. If the same factor (0.5) is
also used for four engines, the deviations would still be over 15%. A factor of 0.57 achieved
tolerable results for a four-engine jet with deviations between 0.1% and 5.5%. The method
according to Kundu (which is based on Loftin) offers with the factors 0.5/ 0.57 thus a possible
variant in the (early) design process. Apart from that, in the early design phase the necessary
polar curve is not yet known, which must be available for the determination of the BFL
according to Torenbeek.

TOFL (Kroo)

The approach according to Kroo gives deviations of 1.9% to 13.9% with regard to the
calculation of the TOFL, whereby the method gives values that are too high. The approach
could therefore in general be an option in the context of aircraft design.
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TOFL (Loftin storL = ktoXx)

The procedure based on Loftin produces variations of 6.4% to 10.7% in the calculation of the
TOFL, with the approach yielding values that are too low. The deviations thereby appear
acceptable in view of the " quick " results.

TOFL (Loftin storL = mX +b)

The modified Loftin method obtains between 0.1% and 5.4% deviation results for the analytical
calculation of TOFL. The equation generated from the statistical evaluation, thus achieves the
lowest discrepancies to the numerical results.

However, it must be noted that some assumptions (simplification) were also made within the
framework of the numerical calculations, such as the relation between rotation speed and safety
speed, the rotation time, the asymmetric flight conditions, and specific geometric parameters,
that were not publicly available (VTP, flap chord, drag polars). Besides, subsections were
solved only analytically (Rotation Distance, Air Distance). Overall, however, it can be assumed
that the numerical results provide realistic results. This is confirmed by looking at the available
runways regarding the FCOM s of the presented aircraft models.

Overall, on the basis of the results, it must be recommended to use the modified approach
according to Loftin, which already provides decent initial values using the most important
aircraft parameters (T/W, m/S, CLmax) within the framework of a design process with a
manageable amount of effort. However, it must also be realized that during the statistical
evaluation it became apparent that "general” equations can never exactly represent all aircraft
types. The evaluation according to Figure 7.2 generated a coefficient of determination (R?) of
0.8553 with maximal deviation from -293 m (10%) to + 393 m (21.5%). Therefore, there should
be at least a rudimentary idea of the approximate outcomes to be expected in order to estimate
the validity of the results. It is advisable to orientate on aircraft that have a similar geometry,
thrust/weight ratio, wing loading as well as similar / same high lift devices, in order to be able
to estimate the expected deviations in a reasonable range.
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