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Abstract

To demonstrate the difference between non-ideal experiments and idealized analytical
models, bending vibrations of a frame structure have been analyzed in the context of
hands-on teaching in structural dynamics. Both experimental modal analysis and
model-based evaluation of system dynamics have been performed. The investigations
have been limited to mechanical vibrations in the low-frequency range. It has been found
that even simple mechanical models are very useful to explain, understand, and validate
experimental results. The latter have been derived from one key principle of analytical
dynamics—the Lagrange formalism. The article is written for students in mechanical
engineering and related fields as well as for the academic community. The latter could use

the results as a benchmark problem in academic teaching as well as in applied research.

Keywords: structural dynamics; experimental modal analysis; analytical dynamics

1. Introduction

Structural dynamics is an important topic in the theory of mechanical vibrations [1,2].
It is a traditional but still relevant field in many engineering studies. It is especially
important for mechanical and civil engineering as well as for automotive, aeronautical,
and aerospace engineering [3,4]. Beside these classical disciplines, structural dynamics is
closely connected to engineering acoustics [5], analytical and numerical methods of applied
mathematics [6], as well as to the theory of signals and systems [7] including experimental
methods [8-11]. Thus, structural dynamics is a cross-disciplinary approach (as also shown
in the present paper) and it is therefore impossible to honor the important contributions of
all scientists working in this field. For this reason, the list of text book references presented
in the present paper is limited to a very small number that nonetheless allows for finding a
starting point based on well-established text books.

Furthermore, structural dynamics is an academic field with ongoing actual develop-
ment. This is true for theoretical research as well as for the development and application
of experimental methods (such as experimental modal analysis) in several disciplines of
engineering. A general overview on advances in vibration engineering and structural
dynamics covering a broad range of topics such as rotor dynamics, structural vibrations
of beam and shell structures, and structural vibrations in civil engineering is given in [12].
A particular problem in structural dynamics is given by the presence of non-linear effects.
The latter have to be taken into account in numerical simulations [13,14] as well as in
experimental investigations [15,16].

Another novel trend in structural dynamics is the application of wavelet transform
methods [17] in modal analysis and damage detection approaches. Identification of modal
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parameters using wavelet transform has been discussed in [18]. A case study in which
continuous wavelet transform (CWT) has been applied to perform structural dynamic
analysis of a beam structure has been presented in [19]. Experimental modal analysis based
on CWT applied to the transient response of a beam structure is discussed in [20], whereas
the damage detection based on a wavelet method has been presented in [21].

Recent studies in which experimental modal analyses have been applied to aircraft
structures have been published in [22-26]. A ground vibration test of an aircraft wing
structure has been described in [22]. It has been shown that the results of experimental
modal analysis can be very sensitive to small changes in the experimental setup, such as
the position of the suspension, decreasing the frequency range of the input signal, or using
different nodes for excitation. Operational modal analysis of an aircraft composite panel
which considers multiple impacts and was originally intended for studying the effect of
hail, birds, or other unidentified projectiles test approach is discussed in [23]. This approach
takes advantages of a complex setup and expensive facilities. The authors concluded that
this novel approach was capable of identifying the natural frequencies, damping ratios,
and full-field mode shapes of different modes of the panel up to 600 Hz. An approach
to modal analysis based on numerical models is presented in [24]. Different wing modes
have been analyzed. It has been shown that the structural stability of a wing design can
be analyzed successfully using commercial software programs. The automatization of
experimental and operational modal analysis has been discussed in [25]. These methods
are not yet chosen for safety-critical applications. For this reason, the authors present a new
method that not only enables fully automated modal analysis, but also learns an optimal
way to analyze the data in a supervised manner. The problem of uncertainty quantification
in the modal analysis is discussed in [26], considering aircraft stiffeners as a representative
example. A perturbation technique, based on Taylor series expansions, has been used to
model uncertainties in aircraft stiffeners based on a stochastic formulation of the finite
element (FE) method.

Model analyses applied to vehicle structures have been discuses in [27-30]. Nat-
urally, modal analysis plays an important role in the analysis of classical structures in
civil engineering, such as buildings and bridges [30,31]. However, timber structures
have also been analyzed and characterized by the application of modal analysis [32,33].
Furthermore, experimental modal analysis is nowadays also an established approach in
polymer science [34].

Considering all these references it can be concluded that structural dynamics, includ-
ing some highly specialized analysis methods such as experimental modal analyses or
wavelet transform methods, is still an evolving research area that is relevant for many
disciplines of engineering. Thus, it is still also a relevant topic in the development of
academic curricula [35].

If so many references can be found, one question arises. This question can be formu-
lated in the following way: Is it necessary to publish a paper on a particular problem? To
answer this question it can be useful to remember a typical challenge in teaching structural
dynamics. The latter is connected with the establishment of proper non-trivial models.
On the one hand, these models must be capable of describing the vibrational behavior of
the analyzed system. On the other hand, these models must not be sophisticated so that
solutions can be found without high-end simulation techniques. However, the mechanical
models that can be found in many text books on structural dynamics are highly idealized.
Therefore, it is possible to derive analytical solutions for many sample problems.

But it is not easy to design simple experiments that are useful to demonstrate the
results derived from some of these basic models. This is especially true in the context
of hands-on teaching in structural dynamics, including classroom experiments based on
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structures with non-ideal properties such as incomplete realization of symmetry conditions
or imperfections in the realization of boundary conditions. Furthermore, the application of
sensors (such as easy-to-handle ordinary piezoelectric acceleration sensors) as well as the
connection of actuators can cause effects that are not included in basic mechanical models
of structures. Unfortunately, the effects caused by these imperfections will be found in the
experimental data. The task for the engineer is, however, to interpret the measurement
data based on simple but at the same time also adequate and reliable models.

The present paper is an attempt to contribute to this teaching challenge. It is written
for the academic community as well as for Master’s students in engineering science. Even
if it is not a classical research article, the problem described in great detail in the present
paper can contribute to applied research if it is used as a benchmark model. The latter
is designed to demonstrate the difference between non-ideal experiments and idealized
analytical models used to describe bending vibrations of a frame structure.

The paper is structured as follows. Experimental investigations in the time-domain
and frequency-domain, including experimental modal analysis, are described in Section 2.
Analytical models (applied to understand the experimental findings) are discussed in
Section 3. The paper closes with Section 4, which presents a short summary of the
main findings.

2. Experimental Investigations
2.1. Description of Frame Structure

The frame structure analyzed in a particular classroom setting is shown in Figure 1. It
consists of two vertical parts of length L, and one horizontal part of length L. It is clamped
at both ends. The structure has a rectangular cross section with width B and height H. It is
made of aluminum. As also shown in Figure 1, three concentrated weights are connected
at the positions Iy (k = 1,2,3). The specific data are given in Table 1.

Figure 1. Setup for experimental investigations.

As also shown in Figure 1, three ordinary acceleration sensors (labeled with “Left”,
“Middle”, and “Right”, each having a weight of approximately 0.01 kg) are connected to
the horizontal part of the frame structure. The structure is driven by an electro-dynamical
exciter. The connection between the structure and actuator is established by a soft rubber
band. The excitation signal is generated by the soundcard of an ordinary personal computer
using a sampling rate of 44.1 kHz. All cables have been arranged in such a way that any
friction between structure and cable has been avoided. Some more details about the
measurement equipment are given in Appendix A.
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Table 1. Physical parameter of frame structure.

Parameter Description Value and Unit
B Width cross section 0.030 m
H Height cross section 0.002m
L Length of horizontal part of frame structure 0.895 m
Ly Length of vertical part of frame structure 0.010m
I Horizontal position of 1st point mass 0.224 m
I Horizontal position of 2nd point mass 0.448 m
I3 Horizontal position of 3rd point mass 0.671 m
0 Density of frame structure material 2700 kg/m?
E Young’s modulus of frame structure material 79 x 10° N/m?
my Weight of mass at 1st point mass position 0.158 kg
my Weight of mass at 2nd point mass position 0.290 kg
ms Weight of mass at 3rd point mass position 0.158 kg

2.2. Time-Domain and Frequency-Domain Analysis

At first the system response to a step-input signal (manually applied by hand) has
been analyzed. Only the system outputs have been determined. The results are shown
in Figure 2. The time-domain response is shown on the left, considering the accelera-
tion signals normalized to the peak value for each channel. The associated magnitudes
of the Fourier spectra are shown on the right. The latter are also normalized to the
maximum value.
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Figure 2. Time response and frequency response of system to step-signal input.

It can be seen that the frame structure is slightly damped and the system response is
based on four natural modes. It can clearly be seen that the first natural mode dominates the
response measured at the center position (“Middle”) of the frame structure. Furthermore,
it can be seen that the acceleration sensor at the center position is located close to nodal
points of the second and third mode.

To analyze transfer behavior of the structure, the experiment has been repeated using
a sine-sweep as the input signal. Thus, the response (acceleration) is measured at three
positions due the single system input (voltage) applied to the electro-dynamical exciter.
The time-domain behavior and frequency-domain behavior of the input signal are shown
in Figure 3. The time-series is typical for a sine-sweep signal. The instantaneous frequency
increases with time. Thus, the instantaneous for one period is reduced. This effect can
clearly be seen in Figure 3.

Because the highest natural frequency is below 25 Hz, the frequency range for the
excitation signal is between 0 Hz and 25 Hz. It can be seen that the magnitude of the
excitation signal is constant over the main part of the analyzed frequency range.



J. Exp. Theor. Anal. 2025, 3, 31

50f 16

1 z

°

o) N
2 @
(o2} C
5 =
E >
¥ 5
: :
§-0s5 3
z 3
)

g

_1 (e}

0 2 4 6 8 10 = 10 20 30 40

Timeins Frequency in Hz

Figure 3. Time-series and power spectrum of sweep-signal input.

The time-domain representation and frequency-domain representation of the three
output signals are shown in Figure 4. The presented time-series proves that resonances are
present in the system response. This is obvious because the magnitude of the normalized
output signals varies with time. Maximum values can be found in all three graphs at
the same point in time. The same holds for the minima. Thus, resonances as well as
anti-resonances are to be found in all measurement signals. The system output peaks at the
resonance frequencies. Because the system is only slightly damped it can be expected that
natural frequencies and resonance frequencies are nearly identical.

Left

e

Left

-
o
o

;

a2 O -

o
)
€
&
c *
S- T w4 -
% 0 10 20 30 40 50 60 T 0 5 10 15 20 25 30
@ Middle @ Middie
g 1 T © 100 . . . : . |
8 c
® OW £
- 2
g -1 % 90y 1
= c - : L . .
5 0 10 20 30 40 50 60 5 o s 0 5 2 2 o
5 Right z }
o . . : . [l Right
z ! %100 9
) &
- ‘ ‘ ‘ ‘ 2 50§
0 10 20 30 40 50 60 g . s . . .
Time in s g 0 5 10 15 20 25 30

Frequency in Hz

Figure 4. Time response and frequency response of system to sweep-signal input.

In order to identify both natural frequencies and the associated mode shapes, the
frequency response functions (FRFs) have been determined. Magnitude response and
phase response curves are shown in Figure 5. The associated real parts of the FRFs as well
as the imaginary parts of the FRFs are shown in Figure 6. The resonance frequencies and
the associated modes (identified on the basis of these FRFs) are listed in Tables 2 and 3. All
modes are normalized to the response measured at the “Left” sensor position. Please note
that the spectral analysis presented in this paper is based on Welch’s method.

Table 2. Normalized magnitudes at resonance frequencies.

fr/Hz Left Middle Right
3.87 1.00 1.98 1.27
10.5 1.00 0.14 0.99
18.7 1.00 0.04 0.84

23.0 1.00 0.75 1.07




J. Exp. Theor. Anal. 2025, 3, 31

6 of 16

Frequency response function F11

Frequency response function F11 2] ]
N ' [ I 0 ™\
=2 Wl i
> 5 10 15 20 25 = > 0 1 20 25
@ . 3 Frequency response function F21
I Frequency response function F21 s ol T T T
@1+ O o 1
g 0 S (]
= 5 10 15 20 25 © 5 10 15 20 25
(o)} = "
‘5" Frequency response function F31 o ) Frequency response funct|onv F31
2t 0 m
1f -2
0 5 10 15 20 25 5 10 15 20 25
Frequency in Hz Frequency in Hz

Figure 5. Frequency response curves (F11 -> Left, F21 -> Middle, and F31 -> Right).
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Figure 6. Real part and imaginary part of FRFs (F11 -> Left, F21 -> Middle, F31 -> Right).

Table 3. Phase relations at resonance frequencies.

fr/Hz Left Middle Right
3.87 0.00 —0.82 —0.08
10.5 0.00 —8.55 -179
18.7 0.00 —69.5 180
23.0 0.00 —174 6.92

It can be seen that the second and third mode are not identical in frequency but
identical in shape. This is an interesting result. In both modes the signals measured at the
“Left” and the “Right” sensor positions are opposite in phase and more or less identical in
magnitude. The “Middle” sensor position is a nodal point for both mode shapes.

To confirm this result the modal assurance criteria MACX proposed in [36] has been
applied. This criteria is valid for both real valued and complex eigenvectors. It is calculated
according to Equation (1), which is as follows:

(xf] + [ ))"

MACX(x;,x;) =
(xi ) (x| + [xPxi]) (x| + xTx))

’ Z/] = 1/2/3/4/ (1)

where x; is the i-th eigenvector and x; is the j-th eigenvector. The MACX value is in
the range (0,1). The minimum value (MACX = 0) indicates that the modes i and j are
completely independent of each other. The maximum value (MACX = 1) indicates that
the mode shape of the i-th mode is completely identical to the mode shape of the and j-th
mode. The upper index T in Equation (1) is used to indicate the transposition of a vector,
whereas the upper index H is represents the Hermitian of a vector that is equal to its own
conjugate transpose form.
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All calculated modal assurance values are listed in Table 4. The results presented
in this table are proof that the eigenvectors x, and x3 represent identical mode shapes.
However, these mode shapes are orthogonal to the eigenvectors represented by x; and x4.
Furthermore, the eigenvector x; is orthogonal to the eigenvector x,.

Table 4. Modal assurance criteria values for measured mode shapes.

Mode Number 1 2 3 4
1 1.00 0.00 0.00 0.04
2 0.00 1.00 0.98 0.01
3 0.00 0.98 1.00 0.01
4 0.04 0.01 0.01 1.00

2.3. Synthesis of Mode Shapes

To complete the experimental investigations, models for the FRFs have been analyzed
by experimental model analysis. Because the resonance frequencies are clearly separated,
the simple method of peak pinking (PP) [10] has been applied. This method is based on the
i FRFs of each modal degree of freedom (DOF)—also known as generalized coordinates.
These FRFs can be represented by rational functions such as:

1 1
Mgen,i w(z)i -2+ j'zDgen,ini'Q

ngn,i(jQ) - 7 i = 1/2/3/4/ ] —V _1/ (2)

where g, ; is the i-th generalized mass, Dq; ; is the modal damping in the i-th mode,
wo;i = 27 fy; is the angular frequency associated with the i-th natural frequency fy;, and
Q) = 27tf is the angular frequency associated with the frequency of excitation f. The modal
damping parameter have been determined by the half-bandwidth method [10] for each
resonance frequency, such as:

RS 53, 3)
foi

where f7; is the frequency at the —3 dB point left to the i-th resonance frequency, and fg; is

NI~

Dgen,i =

the frequency at the —3 dB point right to the i-th resonance frequency. All modal damping
parameters are listed in Table 5. The data indicate that the system is indeed slightly damped.
The maximum modal damping is below 3%.

Table 5. Modal damping in resonance.

Mode Number 1 2 3 4
Modal 2.8% 1.4% 0.8% 0.4%
Damping

To perform experimental modal analysis using PP it is also necessary to determine
the peak value of the magnitude response, which is compared to Figure 5, for each
resonance frequency.

These data are summarized in Table 6. They are required to calculate the modal
contribution C,4 ; (jQ2) of the i-th mode to the system response at position r according to the
excitation acting at position s, such as:

Crs,i(jQ) = ZDgen,iwél"lHrs (WOi)‘/ i=1,234 (4)
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Table 6. Peak magnitudes at resonance frequencies in m/s?/V.

fr/Hz Left Middle Right
3.87 1.09 2.16 1.39
10.5 2.87 0.41 2.82
18.7 3.07 0.11 1.91
23.0 2.56 191 2.72

The connection between the real world FRFs H,s(j)) and the FRFs of the modal
coordinates Hg,, ;(j(2) is established by the modal transformation such as:

]Q) - {HYS(]Q)} P- dmg( genl(]Q)) (5)

where the modal matrix
D= (Xl X2 X3 X4)/ (6)
contains the eigenvector of each mode, such as:

T
Xj = [xu X x31} ,1=1,2,3,4. ()

It is a straightforward calculation to prove that the three real world FRFs of the
analyzed system can be represented by the following transfer function models (TFMs):

. 4 C11.:(jO
Hn(j0) = & e
i=1 wp; — O + ]'ZDgen,zWOz'Q
; 4 Cr1,i(JO)
Hn(j0) = & ——= 21,i(j0) S— @)
i=1 Wy; — + ]'ZDgen,szl'Q
; 4 C31,;(jO)
Ha(j) =X —— 31’f(] ) —
i=1 Wy; — + ]'2Dgen,szz'Q

A comparison between the measured FRFs and the identified TFMs is shown
in Figure 7. The match in magnitude is nearly perfect and the similarity in phase is
sufficient considering the application of the simple PP method.

Frequency response function F11
Frequency response function F11 QY ponss =

npoN
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15 25
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5 10 15 25
Frequency response function F31

P e N
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l’l} on

Figure 7. Identified transfer function models (in gray) compared to measured FRFs.

However, even if adequate response models can be identified by a very simple ap-
proach, it is still necessary to explain the similarities between the mode shape of the second
resonance on the one hand and the mode shape of the third resonance on the other hand.
To explain this result analytical analysis of simple models can be helpful.
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3. Theoretical Analysis—Understanding the Experimental Data

The interpretation of experimental data is much more intuitive if the results can be
mapped to the behavior of models of vibrating structures. These models should be as
exact as necessary and as simple as possible at the same time. It is obvious that the frame
structure shown in Figure 1 executes bending vibrations in the vertical direction. As shown
in [2], the associated vibration modes w(x, t) can be described by a combination of global
shape functions W;(x) and generalized coordinates ¢;(t), such as:

3

w(x,t) =Y Wi(x)-q;(t), i=1,2,3. )

i=1

In our investigation we will consider only the first three bending modes, assuming
simply supported boundary conditions. For this reason the set of shape functions reads
as follows:

Wi(x) = sin(i-n%), i=1,2,3. (10)

Because the kinetic energy and the potential energy of the physical structure vibrat-
ing in the i-th mode is equivalent to the kinetic energy and potential energy of the i-th
generalized structure, compared to [2], we can calculate the elements of the mass matrix
M = {my} as follows:

pA(x) + Z mud( xln)l Wi (x)-Ws(x)dx, r,5s =1,2,3 (11)

n=1

where é(x — I,) is the DIRAC distribution and m,, is the n-th concentrated mass at the
position I,,. The elements of the stiffness matrix K = {k;} depend on the curvature, as
known from Bernoulli’s beam theory. These elements are given by the following integral:

2 e dx, r,s=1,2,3. (12)

/_ d2 W, (x) d2Ws(x)

Considering a constant density p as well as a constant cross section A, the mass matrix

is given by the superposition of the contributions of the continuous beam structure, which
can be calculated using the first summand in Equation (13):

10 0
A-L 3

M:pT 01 0|+Y M, A=B-H, (13)
0 0 1 n=1

and the contributions of the concentrated point mases. The latter are given by symmetric
matrices that, in general, contain non-zero off-diagonal elements. These contributions are
defined by Equation (14) as follows:

sin? (nl:,) sin (nl:,) - sin (2717,1) sin(ﬂﬁ) - sin (371'121)
M, = my- : sin? (nﬂ) sin (Znﬂ) -sin (37{1;,) , (14)
sym e sin? (nan)

where
(15)

s
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is a dimensionless length, indicating the position of the n-th concentrated mass on the hori-
zontal part of the frame structure, which can be found in Figure 1 and Table 1. Considering
a constant bending stiffness EI, the solution of Equation (12) reads as follows:

1 0 0
m* EI B-H®
K—T-ﬁ 0 16 0|, I= o (16)
0 0 81

In order to derive the equation of motion we have to formulate the expressions for
both the kinetic energy T and the potential energy U based on the generalized coordinates

gi, such as:
1.1 . 1 7 T
I'=5aMq U= 5qKq q=|q(t) q() B(t)] - (17)
Applying Lagrange’s principle, which is as follows:
d (0T 0T U
) L0 i=1,23 18
dt <aql> d9q;  9q; (18)

the equations of motion are given by:
Mq + Kq = 0. (19)

To determine the natural frequencies for the bending modes fy, ;, it is necessary to find
the zeros of the associated characteristic polynomial. This problem reads:

det(M’lK - wgl) =0 = fy; = % i=1,2,3. (20)
However, the solution of Equation (2) only yields three natural frequencies associated
with three bending modes. A simple model that can be used to explain the fourth resonance
frequency determined in the experimental investigation is still needed. Such a model can
be derived if the bending vibration of the vertical parts of the frame structure is taken into
account. If the horizontal part of the frame structure (including the three concentrated mass
points) is seen as a concentrated rigid mass connected to two springs acting in parallel
(horizontal parts of the frame structure) then we can establish a fourth DOF. The mass
associated with this horizontal DOF is given by the following;:

3
my = pA-L+ Y my, (21)

n=1
whereas the associated effective stiffness reads:

3-El
k, =22 =, 22
The multiplier “2” represents the fact that the two vertical parts of the frame structure

are acting in parallel. The second term in Equation (22) represents the bending stiffness of a
beam that is fixed at one end and free at the other end [2]. The formula for the associated

natural frequency is given in Equation (23):

RV4 kh / my
= 2
Ja = (23)
Numerical data for the four natural frequencies f;; (i = 1,2,3) and f, based on the

parameter given in Table 1 are listed in Table 7. It can be seen that the three natural
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frequencies calculated for bending vibrations in the vertical direction are in fair agreement
with the resonance frequencies determined for the first, second, and fourth mode shape in
the experimental investigations.

Table 7. Natural frequencies for first three bending modes and first horizontal mode.

Mode Bending, 1 Bending, 2 Horizontal, 1 Bending, 3
f/Hz 2.28 10.6 17.9 21.3

The natural frequency calculated from the simple model describing the horizontal
vibration is in fair agreement with the third resonance frequency determined in the experi-
mental investigations. It can be concluded that due to imperfections in the experimental
setup this horizontal mode couples with the second vertical bending mode that is in its
shape similar to the third mode shape determined for a resonance frequency of 18.7 Hz.
Please note that the natural frequencies for the bending modes are verified by the results
obtained from the simple FE model presented in Appendix B.

4. Conclusions

The intension of this paper was to present an intuitive but not trivial problem related
to structural dynamics. This problem has been demonstrated to students of aeronautical
engineering, automotive engineering, and mechatronics in many courses over the last
decade. The demonstration by itself is simple. However, because of imperfections—going
hand-in-hand with hands-on teaching—it is not easy to interpret the results. In order to
overcome this problem it is helpful to apply adequate dynamic models that can be derived
from the principles used in structural dynamics. The main conclusions can be summarized
as follows:

o  The established methods of experimental modal analysis are useful to demonstrate
the determination of modal parameters such as resonance frequencies, mode shapes,
and modal damping for non-trivial test structures.

e  The interpretation of experimental results is easier if models capable of describing the
dynamic behavior of the structure are taken into account. These models should not be
sophisticated in order to derive robust analytical solutions in a short period of time.

As written in the introduction, this paper has been written for both the scientific
community and students of engineering science. The analyzed problem has been described
in great detail. It is very easy to reproduce. Thus, it could serve as a benchmark model to
validate new experimental techniques. However, it is also possible to use the results for the
validation of new numerical approaches.

The paper contains all relevant data and equations. All findings can be reproduced
without knowledge of the few but very excellent references. This can be advantageous
for students of advanced courses in structural dynamics and related field, because a non-
trivial problem is described by experimental and analytical methods in a compact and
consistent way. Furthermore, everyone teaching structural dynamics can easily derive a
simple demonstration experiment based on the published data. Perhaps for this reason it is
a small contribution to stimulating a deeper interest in structural dynamics.

Finally, it is necessary to comment on the following question: How the presented
setup and analysis may be used for benchmarking experimental techniques or validating
numerical approaches? One answer to this question can be given considering non-standard
analysis methods such as wavelet transform methods [17-21]. These methods are not
necessary to analyze the problem presented in the present paper. However, if new methods
in structural health monitoring [11] and damage detection [21] based on experimental
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structural analysis have to be validated, the presented experiment could be used as a
starting point for the undamaged structure. Because it is simple to manufacture copies of
the presented structure it is also easy to produce twins including defined artificial damage
(represented by slots and gaps of different size and shape). Thus, the original structure in
combination with artificially damaged twins can serve as benchmark models to validate
damage detection approaches.

Another reason why this may be used as a benchmark is given by the fact that the point
masses shown in Figure 1 are connected by screws. An imperfect connection (this could
also be interpreted as a particular aspect of damage) would result in additional damping
caused by dry friction. Thus, the experiment presented in this paper could also be used
to validate non-linear models in structural dynamics that include damping models based
on dry friction between a base structure (beam) and attached substructures (concentrated
point masses).

A last benchmark-related idea can be initiated when considering the fact that a de-
tailed modal analysis of a large structure results in a large data set that has to be analyzed.
At this point artificial intelligence and machine learning methods become relevant. Ma-
chine learning in the context of non-linear structural dynamics has been discussed in [37].
However, a simplified analytical model has been used to generate the data. The presented
experiments could be a simple alternative to generate a sufficient set of real world data.
This is especially true if random excitation signals are used. A machine learning-based
approach to structural health monitoring and its application to a realistic bridge structure
has been presented in [38]. The structure analyzed in this reference is more sophisticated
than the structure presented in this paper. However, the methodology applied in [38] could
be verified using the well-defined simple structure presented in this article. The same holds
for the approach presented in [39].

The state-of-the-art in automated operational modal identification has been sum-
marized in [40], considering various Al-driven approaches. The authors conclude that:
“Challenges such as identifying double and multiple modes, modes with low observability,
damped modes and systems with high damping, and systems subjected to combined
excitations (random and harmonic) can be considered key challenges faced by intelligent
system identification algorithms.” The system presented in this article generates a double
mode (as shown for the second and third mode shape) if the excitation is not harmonic.
Furthermore, it is easy to choose nodal points at which a mode shape is difficult to ob-
serve (this is especially true for the center position of the beam at the second and third
natural frequencies). Finally, the presented problem is well suited to combine harmonic
and random excitation signals. Thus, it is possible for the reader to define research ques-
tions inspired by [40] that could be investigated on the basis of the presented well-defined
benchmark model.
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Appendix A

This appendix has been added in order to provide some more details about the
equipment used for the experimental investigations discussed in Section 2. However,
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the information is presented in a way that makes it possible to find adequate equipment
without pointing to a specific manufacturer.

Appendix A.1. Actuator

A small shaker with integrated power amplifier has been used in the experiments. In
order not to alter the stiffness of the system, the actuator has been connected to the frame
via an ordinary rubber band. This actuator can be characterized in the following way:

Power supply: 60 W, 19 V DC output, 100-240 V AC input;
Peak sine force: 31 N with up to 13 mm stroke;

Maximum payload: 0.901 kg;

Distortion: <0.02%;

Frequency Range: DC to 9.0 kHz;

Dimensions (H x W x D): 135 x 171 x 89 mm;

e  Weight: 3.1 kg.

Appendix A.2. Sensors

Common piezoelectric sensors (driven by 2 mA current supply) have been used. These
sensors can be characterized in the following way:
Sensitivity: (£10%) 10.2 mV/(m/ s%);
Measurement Range: +-490 m/s? pk;
Broadband Resolution: 0.0015 m/s? rms;
Frequency Range: (£5%) 0.5 to 10.0 kHz;
Weight: 5.8 g.

Appendix A.3. Computer Interfacing

The excitation signal has been generated by the soundcard of an ordinary personal
computer using a sampling rate of 44.1 kHz. The output of the soundcard has been the
headphone jack. The signal generated by the computer has been fed to the BNC input of
the actuator using a chinch-to-BNC adapter. The output signals of the acceleration sensors
have been fed to the BNC input channel of a sound card-based measurement device. This
device has been able to provide the power supply for the sensors. It has been working at a
sampling rate of 44.1 kHz.

Appendix B

In addition to the model derived in Section 3, a simple model based on the FE
method is presented. This model is based on the Euler-Bernoulli theory for elastic beams.
A detailed description for the derivation of the element mass matrix M, and the element
stiffness matrix K, is presented in [4]. These matrices are given by Equation (A1) as follows:

156  —22L, 54  13L, 00 0 0
Me:pe-Ag~Lg -22L, 412 -13L, -3L2 00 0 O (A1)

420 54  —13L, 156  22L, 00 m 0

13L,  —3L%2 22L, 412 00 0 O

where p. = p is the density in the element, A. = B-H is the elements cross section,
L, = L/4 is the length of the element, and m, = m; with i = 1,2, 3 is the contribution of a
discrete mass at the right end of the element, as well as by the following Equation (A2):

12 —6L, —12 —6L,
. — Ele | —6L 412 6L, 212
T 3| -12 6L, 12 6L
—6L, 2L} 6L, A4L?

, (A2)
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where EI, = E -B-H3/12 is the bending stiffness of the element. For our problem all these
data are to be found in Table 1.

In order to illustrate how a simple FE model can be derived, different stages of model
development are shown in Figure Al. The topological model represents the beam structure
shown in Figure 1. Furthermore, the global coordinate system is attached to this model.
The simplified mechanical model has been used to perform the theoretical investigations
presented in Section 3. It clarifies how the boundary conditions have been modeled
considering simply supported conditions at both ends of the beam. The FE representation
of the beam structure is useful to understand the arrangement of elements and nodes as
well as the global degrees of freedom that have been taken into account.

Topological model E p

m nmy ms

Simplified mechanical model
/SN A R A i
777777

Finite Element representation

@@@@

O,

Figure A1. Topological, mechanical, and finite element representation of beam structure.

Considering the boundary conditions of a simply supported beam and the remaining
eight non-zero global degrees of freedom, the following can be obtained:

at) = [ ) B0 wsb) GO wb GO 0] o)

where ¢y (k =1,2,3,4,5) is the rotation at the k-th node and wy, (m = 2,3,4) is the vertical
displacement at the m-th node. It is straightforward to calculate the reduced global stiffness
matrix KFE = {kZE} with 7,j = 1,2,...,8 as well as the reduced global mass matrix

MFE = {m}"}E withi,j =1,2,...,8. The non-zero elements of these symmetric matrices
are given by Equation (A4):

KFE — KEE — 0.0282-10° N/m, kEE = KEE = KEE — 3.3852.10° N//m,
KEE — KFE — kEE — 0.0565.103 N/m,

K5E = KEE = —1.6926:10° N/m, ki% = kEF = kEF = 0.0141-10° N/m,

KE = KE = kb = —KkEE = —kiF = —kIE = —0.1894-103 N/m,

(A4)
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and by Equation (A5):

miE = kEE = 0.0173-107% kg, m5F = kEF = 184.9267-10 % kg,
miy = 316.9267-10"% kg

miy = m};}f = mb¥ = 0.0346:1073 kg, (A5)
m5E = mEE = 4.6604-1073 kg, mfE = mkE = m57 — 0.0130-10 3 kg,
mbE = mEE — FE — _pPE — _pyFE — _pFE — _02510.10 kg,

The associated equations of motion are given by the following:
M4 + KFPu = 0. (A6)

To determine the natural frequencies f/- it is necessary to find the zeros of the associ-
ated characteristic polynomial. This problem reads as follows:

-1 2 .
det<(MFE) K™ — (wff) IFE) —0 = flF= ‘;’;’Tl i=12,...,8 (A7)

The first three natural frequencies are listed in Table A1l. The results calculated with

this simple FE model are in very good agreement compared to the results presented
in Table 2.

Table Al. Natural frequencies for first three bending modes calculated with the FE model.

Mode Bending, 1 Bending, 2 Bending, 3
f/Hz 2.28 10.5 20.3
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