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Abstract

An analytical model for the transmission loss calculation of thin rectangular

and circular membranes loaded with rigid masses of arbitrary shape, so-called

membrane-type acoustic metamaterials, is presented. The coupling between the

membrane and the added masses is introduced by approximating the continuous

interaction force with a set of discrete point forces. This results in a generalized

linear eigenvalue problem that is solved for the eigenfrequencies and eigenvectors

of the coupled system. The concept of the effective surface mass density is

employed to calculate the low-frequency transmission loss using the obtained

eigenpairs. The proposed model is verified using numerical data from a finite

element model and the convergence behavior of the point matching approach is

investigated using Richardson extrapolation. Finally, a method based upon the

grid convergence index for estimating the error that is introduced due to the

point matching approach is presented.
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1. Introduction

In recent years, so-called membrane-type acoustic metamaterials (MAM)

have emerged as a promising measure for attenuating sound propagation, espe-

cially in the low-frequency regime [1]. The name “acoustic metamaterial” de-

scribes structures which exhibit unusual mechanical properties, such as a nega-5

tive mass and/or a negative bulk modulus, at wavelengths much greater than the

size of the structure itself. Many different kinds of acoustic metamaterials, such

as three-dimensional sonic crystals [2, 3] or one-dimensional resonator arrays

[4, 5, 6], have been proposed recently. The membrane-type acoustic metama-

terials distinguish themselves from other realisations of acoustic metamaterials10

by a very compact two-dimensional structure, where a thin membrane is loaded

with one or more small masses. Such a lightweight arrangement is specifically

applicable to engineering fields, where weight and installation space of sound

attenuation means are highly constrained, e.g. in aeronautics. Experimental

and numerical investigations of MAMs showed that in a certain frequency band15

the sound transmission loss of such a mass loaded membrane can exceed the

corresponding mass law by far, showing a distinct peak at a specific frequency

[1, 7]. This transmission loss peak frequency is controlled by the membrane de-

sign and, for fixed geometry, is mainly influenced by the magnitude of the added

mass and the pretension of the membrane [1, 8, 9]. Further studies of MAMs20

showed that the stopping bandwith of the metamaterial can be increased, e.g.

by introducing additional transmission loss peaks using off-centered or multiple

mass placement [7, 9] or by stacking multiple layers of MAMs with different

transmission properties [7, 10]. Finally, additional investigations on the absorp-

tion behavior of MAMs showed that membrane-type metamaterials can also be25

applied as absorbent materials with nearly total absorption in the low frequency

regime [11, 12].

In view of the high potential of MAMs in low frequency sound insulation,

there is a demand for suitable and efficient models to estimate the transmission

loss of MAMs a-priori, before first experimental prototypes are built. Numer-30
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ical methods, such as the finite element method (FEM), are the most gen-

eral approach and have widely been used in the literature for the analysis

of MAMs. These methods, however, can be quite cumbersome in automated

design-processes (such as optimisations), since numerical grids are needed for

the membranes and the adjacent fluid and these grids have to be updated for35

every change in geometry (e.g. mass position). Therefore, analytical methods

are a promising alternative for the transmission loss prediction of MAMs.

Some of the first theoretical studies of membranes loaded with a rigid mass

were performed by Kornhauser and Mintzer [13] and Cohen and Handelman

[14], where the influence of a concentric circular mass on the natural frequencies40

of a circular membrane has been investigated. This case was further analyzed

theoretically in [15], where natural frequencies and mode shapes are given for the

concentrically loaded circular membrane. An analytical model of a mass loaded

membrane specifically tailored for the application to MAMs was proposed by

Zhang et al. [9], where the Galerkin method is employed to obtain the forced45

vibration behavior of a rectangular membrane loaded with a rectangular mass.

Later, Tian et al. [16] used the same approach to derive an analogous model for

a circular membrane with a concentric ring mass. These two models, however,

do not account for the rigidity and rotary inertia of the masses, which becomes

important for added masses of reasonable size, as shown in [15].50

The most comprehensive analytical model of MAMs has recently been pro-

posed by Chen et al. [17]. In this model, the point matching approach is em-

ployed at the interface boundary between the added masses and the membrane

to account for the rigidity and the inertia of the masses. This results in a non-

linear eigenvalue problem which, once solved, delivers the natural frequencies55

and mode shapes of the loaded membrane. Then, the normal incidence trans-

mission loss is calculated with the resulting membrane modes by solving the

acoustic wave equation. While the analytical model proposed by Chen et al.

[17] is the most universal one which allows for the analysis of membranes with

multiple masses of arbitrary shape at arbitrarily high frequencies, there are two60

challenging tasks within their model that impact the computational speed of
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this method considerably: First, a non-linear eigenvalue problem needs to be

solved in order to obtain the membrane eigenmodes, which requires an efficient

root searching algorithm. Second, the normal incidence transmission loss is cal-

culated by numerically integrating the Green’s function of the acoustic wave65

equation across the membrane surface for each frequency. Both tasks require

a large number of evaluations of the fundamental solutions of the membrane

which can be a very time-consuming task, especially in the case of a circular

membrane, where Bessel functions have to be evaluated.

The analytical model presented in this contribution overcomes these two70

issues to yield low-frequency transmission loss predictions of MAMs under nor-

mal sound incidence with the accuracy of the model by Chen et al. [17] and the

computational efficiency of the models by Zhang et al. [9] and Tian et al. [16].

This is achieved by following the point matching approach of Chen et al. [17] to

take into account the coupling between the membrane and the added mass(es)75

in a different way: First, instead of the introduction of matching points at the

membrane-mass boundary only, the full membrane-mass coupling surface is cov-

ered with matching points. Second, the membrane displacement is expanded in

the eigensolutions of the unloaded membrane, instead of solving the inhomoge-

nous Helmholtz-equation for the matching point forces directly. Thus, a linear80

eigenvalue problem for the modal participation factors and matching point forces

(instead of a non-linear eigenvalue problem for the matching point forces only)

is obtained. Additionally, a low-frequency approximation for the transmission

loss that employs the effective surface mass density of the membrane allows the

calculation of the MAM normal incidence transmission loss without numerical85

integration.

The present contribution is structured as follows: First, the analytical model

is derived for rectangular as well as circular membrane geometries with a de-

tailed explanation of the resulting eigenvalue problem and the normal incidence

transmission loss calculation. Then, the model is verified for the two membrane90

geometries and different mass configurations with a finite element model and a

discussion of the convergence behavior of the employed point matching approach
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is given.

2. Analytical model

In this section, the analytical model is derived for the two most common95

membrane geometries: Rectangular and circular membranes. The model can

be extended to different membrane shapes (e.g. triangular or polygonal mem-

branes), as long as the fundamental mode shapes of these membrane geometries

are known.

In the following sub-sections it is shown how to obtain the natural frequen-100

cies and mode shapes of a mass loaded rectangular membrane using the point

matching approach. This is followed by the analysis of the circular membrane

to show the similarities and differences between these geometries. Then it is

described, how to calculate the low-frequency normal incidence transmission

loss for both membrane geometries using the obtained natural frequencies and105

mode shapes. Finally, a brief explanation is given on how to obtain the trans-

mission loss peak frequencies from the natural frequencies and mode shapes of

the mass-loaded membrane.

2.1. Rectangular membrane

A rectangular membrane with edge lengths Lx and Ly, as shown in Fig. 1,110

is considered. A cartesian coordinate system is defined with the origin placed

in one corner of the membrane, the x-axis pointing in Lx-direction, the y-axis

pointing in Ly-direction, and the z-axis being perpendicular to the membrane

surface. The membrane, with surface mass density m′′m, is fixed along the edges

and initially stressed by a uniform tension force per unit length T . A harmonic115

time dependence of the transverse vibrations with w(x, y, t) = ŵ(x, y)eiωt is as-

sumed, where ŵ is the transverse vibration amplitude, i =
√
−1, and ω is the

angular frequency. Thus, the membrane motion is governed by the inhomoge-

nous Helmholtz equation [18]

−m′′mω2ŵ − T∇2ŵ = P̂ + f̂ ′′M, (1)
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Figure 1: Definitions for the rectangular membrane configuration.

where ∇2 = ∂2/∂x2 + ∂2/∂y2 is the Laplace operator in cartesian coordinates120

and f̂ ′′M is the interface surface force amplitude between the membrane and the

added masses. Since only normally incident plane acoustic waves are considered

in the current model, the pressure amplitude P̂ is constant over the surface of

the membrane. To turn Eq. (1) into a non-dimensionalized form, the following

dimensionless quantities are introduced: The dimensionless coordinates ξ =125

x/Lx, η = y/Ly, and ζ = z/Lx, the dimensionless membrane displacement

amplitude u = ŵ/Lx, the aspect ratio Λ = Lx/Ly, the dimensionless frequency

k2 = (m′′m/T )ω2L2
x, the dimensionless pressure amplitude β = P̂Lx/T , and the

dimensionless interface surface force amplitude γ′′ = f̂ ′′M/(TLx). Thus, Eq. (1)

turns into130

−k2u− uξξ − Λ2uηη = β + γ′′, (2)

where uξξ and uηη refer to the second derivative of u with respect to ξ and

η, respectively. The resulting boundary conditions for Eq. (2) are u(0, η) =

u(1, η) = u(ξ, 0) = u(ξ, 1) = 0.

In general, the interface surface force amplitude γ′′ is an unknown function

of the membrane coordinates ξ and η. Therefore, the membrane-mass coupling135

is simplified with the point matching approach by approximating the continuous

surface force amplitude γ′′ by a set of point forces γi for each mass (see Fig. 2):

γ′′ ≈
nM∑
j=1

Ij∑
i=1

γjiδ(ξ − ξji)δ(η − ηji) =

I∑
i=1

γiδ(ξ − ξi)δ(η − ηi), (3)

where nM is the number of added masses, Ij is the number of matching points

for the j-th mass, I =
∑nM

j=1 Ij is the overall number of matching points, ξi and140

6



Acce
pte

d Man
usc

rip
t

ηi are the coordinates of the i-th matching point in the membrane coordinate

system, and δ is the Dirac delta function. This changes the right hand side of

the Helmholtz equation (2) into

−k2u− uξξ − Λ2uηη = β +

I∑
i=1

γiδ(ξ − ξi)δ(η − ηi). (4)

In order to find a solution of Eq. (4) for the membrane displacement am-

plitude u, the modal expansion technique is adopted: u is approximated by a145

finite linear combination of the membrane eigenfunctions Φ(ξ, η), which, in case

of the rectangular membrane, are given by the product of two sine functions

[18]:

u ≈
N∑
n=1

qnΦn =

Nx∑
nx=1

Ny∑
ny=1

qnxny sin (nxπξ) sin (nyπη) , (5)

where N = NxNy, qn = qnxny , and n = Ny(nx − 1) + ny is the running index

variable. This expression is inserted into Eq. (4) which then is multiplied by an150

arbitrary eigenfunction Φm and integrated over the membrane surface to yield

the following system of equations:

N∑
n=1

(
cmn − k2mmn

)
qn = βbm +

I∑
i=1

lmiγi (6)

which can be written in a more compact form as

(
C− k2M

)
q = βb + Lγ, (7)

ξ′

ξ

ζ

ζ′

γi

αη′ η′

η

ζ

ζ′

γi

αξ′

γi

γi

uS uS

Figure 2: Illustration of the mass-membrane coupling using point forces and the resulting

rigid body motion of the mass.
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where the membrane stiffness matrix

C = (cmn) ∈ RN×N , cmn =


π2

4

(
n2x + Λ2n2y

)
if m = n

0 else,
(8)

and the membrane mass matrix155

M = (mmn) ∈ RN×N , mmn =


1
4 if m = n

0 else,
(9)

are both diagonal. The coupling matrix

L = (lmi) ∈ RN×I , lmi = sin (mxπξi) sin (myπηi) , (10)

is a fully populated rectangular matrix and the membrane excitation vector

b ∈ RN is given by

b = (bn), bn =


4

π2nxny
if nxny odd

0 else.
(11)

The coupling point force vector γ ∈ RI in Eq. (7) is unknown and needs to

be determined before the system of equations can be solved for the membrane160

mode participation factors q ∈ RN . To obtain an expression for γ, the dynamic

motion of the attached rigid masses, as shown in Fig. 2, needs to be analyzed.

For this purpose, a local cartesian coordinate system (ξ′j , η
′
j , ζ
′
j), with the origin

located at the centre of gravity of the added mass, is introduced for each mass

j (see Fig. 3). Due to the interaction between the membrane and the added165

mass j, the center of gravity of the mass displaces by u(j)S and the mass rotates

about the ξ′j- and η′j-axes by the angles α(j)
ξ′j

and α(j)
η′j

, respectively (see Fig. 2).

Hence, the kinematic displacement relationship of the mass j in terms of the

local coordinate system is

u
(j)
M = u

(j)
S − α

(j)
η′j
ξ′j +

1

Λ
α
(j)
ξ′j
η′j . (12)

The displacement u(j)S and the rotations α(j)
ξ′j

and α(j)
η′j

are determined by apply-170

ing Newton’s second law to the translational motion of the mass in ζ ′j-direction
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ξ
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ηS
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0 1
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Figure 3: Definition of local mass coordinate system.

and Euler’s equations to the angular motion of the mass about the ξ′j- and

η′j-axes. With the mass ratio µj = Mj/(m
′′
mL

2
x), the dimensionless radii of gy-

ration ϑξ′j ,j = Jx′
j ,j
/(MjL

2
x) and ϑη′j ,j = Jy′j ,j/(MjL

2
x), where Mj is the j-th

added mass magnitude and Jx′
j ,j

and Jy′j ,j are the moments of inertia of the j-th175

mass about the local x′j- and y′j-axes, respectively, the dimensionless equations

of motion for each rigid mass j are:

u
(j)
S =

1

µjk2

Ij∑
i=1

γji, (13a)

α
(j)
ξ′ =

1

µjk2
1

Λϑξ′j ,j

Ij∑
i=1

η′jiγji, and (13b)

α
(j)
η′ = − 1

µjk2
1

ϑη′j ,j

Ij∑
i=1

ξ′jiγji. (13c)

These equations are substituted into Eq. (12), which yields

u
(j)
M =

1

µjk2

Ij∑
i=1

(
1 +

ξ′jξ
′
ji

ϑη′j ,j
+

η′jη
′
ji

Λ2ϑξ′j ,j

)
γji. (14)

Finally, the motion of each mass j is coupled to the membrane motion by enforc-

ing the continuity of displacement amplitudes at each matching point location:180

u
(j)
M (ξ′jm, η

′
jm)

!
= u(ξjm, ηjm), 1 ≤ j ≤ nM, 1 ≤ m ≤ Ij . (15)

With Eqs. (5) and (14), this can be written in a more compact form as

−LTq +
1

k2
Gγ = 0, (16)
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where

G =


1
µ1

G1 0

. . .

0 1
µnM

GnM

 ∈ RI×I (17)

and Gj = (g
(j)
mn) ∈ RIj×Ij are symmetric matrices with

g(j)mn = 1 +
ξ′jmξ

′
jn

ϑη′j ,j
+
η′jmη

′
jn

Λ2ϑξ′j ,j
. (18)

It must be noted that the motion of a rigid mass is fully determined by the185

deflection amplitude of three non-collinear matching points, which means that

the rank of the matrices Gj cannot be greater than 3. Therefore, the matrix G

generally has rank 3nM and thus is singular in most cases.

Equations (7) and (16) can now be combined to form the following system

of equations for the unknown vectors q and γ:190 C− k2M −L

−LT 1
k2 G

q

γ

 = β

b

0

 . (19)

The homogenous form of Eq. (19) can be rewritten as the generalized eigenvalue

problem

Ax = k2Bx, (20)

where

A =

C −L

0 G

 , B =

M 0

LT 0

 and x =

xq

xγ

 . (21)

This eigenvalue problem can be solved for the mass-loaded membrane eigen-

values k2i and the corresponding membrane mode eigenvectors x
(i)
q and mass195

force eigenvectors x
(i)
γ with standard linear algebra methods. It is noteworthy

that, in general, the matrices A and B are both singular, since G is singular, as

discussed above. Therefore, a suitable algorithm for the solution of the eigen-

value problem needs to be chosen. Furthermore, the algorithm should exploit

the sparsity of A and B for an efficient calculation of the eigenvalues. In the200

present investigations, the shift-and-invert technique is employed in order to

transform the system (20) into a standard eigenvalue problem [19]. The shift ϕ
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is selected so that the matrix S = A− ϕB becomes regular and the eigenvalue

problem (20) is transformed into

Bx = ϕ̃Sx, (22)

with the transformed eigenvalues ϕ̃ = 1/(k2 − ϕ). Eq. (22) can be reduced to205

standard form by left-multiplying with the inverse of S. The resulting stan-

dard eigenvalue problem then is solved for the transformed eigenvalues ϕ̃ and

eigenvectors x using Arnoldi’s method for sparse matrices [19]. During this pro-

cedure, the inverse of S should not be calculated directly, in order not to give

up the sparseness of the problem.210

2.2. Circular membrane

The analysis of the mass-loaded circular membrane can be conducted anal-

ogously to the rectangular membrane analysis. In fact, the forced response

equation and the eigenvalue problem have the same structure as Eqs. (19) and

(20), respectively; only the matrices C, M, L and G as well as the vector b are215

different. Therefore, in the following only these quantities will be derived for

the circular case.

Fig. 4 shows the basic definitions of the circular membrane, with radius

R, surface mass density m′′m and uniform tension force per unit length T . A

cylindrical coordinate system, positioned in the center of the membrane with the220

radial and azimuthal coordinates r and θ, respectively, is used to describe the

membrane displacement amplitudes ŵ in the Helmholtz equation (1). For the

cylindrical coordinate system, the Laplace operator is given by ∇2 = ∂2/∂r2 +

ŵ(r, θ)

2R

z

r

θ

Mass
T

Figure 4: Definitions for the circular membrane configuration.
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1/r ∂/∂r + 1/r2∂2/∂θ2. The following dimensionless quantities are introduced:

The dimensionless coordinates are ξ = r/R and ζ = z/R, the dimensionless225

membrane displacement amplitude is u = ŵ/R, the dimensionless frequency

is k2 = (m′′m/T )ω2R2, the dimensionless pressure amplitude is β = P̂R/T ,

and the dimensionless mass coupling surface force amplitude is γ′′ = f̂ ′′M/(TR).

Substituting γ′′ by a series of discrete point forces γi leads to the following

non-dimensional equation of motion for the circular membrane:230

−k2u− 1

ξ
(ξuξ)ξ −

1

ξ2
uθθ = β +

1

ξ

I∑
i=1

γiδ(ξ − ξi)δ(θ − θi). (23)

The boundary conditions for Eq. (23) are u(1, θ) = 0 and u(ξ, 2π+ θ) = u(ξ, θ),

which are fulfilled by the eigenfunctions [18]

Φnθnr = Jnθ (λnθnrξ) [cos(nθθ) + Cnθnr sin(nθθ)] , (24)

where Jnθ is the nθ-th order Bessel function of the first kind, 0 ≤ nθ < Nθ,

λnθnr is the nr-th root of Jnθ , 1 ≤ nr ≤ Nr, and Cnθnr is a constant. These

eigenfunctions are split up into cosine- and sine-parts235

Φc
nθnr

= Jnθ (λnθnrξ) cos(nθθ) and (25a)

Φs
nθnr

= Jnθ (λnθnrξ) sin(nθθ) (25b)

to yield the following modal expansion of u:

u ≈
N∑
n=1

qnΦn =

Nr∑
nr=1

Nθ−1∑
nθ=0

qcnθnrΦ
c
nθnr

+

Nr∑
nr=1

Nθ−1∑
nθ=1

qsnθnrΦ
s
nθnr

, (26)

where the total number of considered eigenmodes is N = 2NrNθ − Nθ. For

values of the running index n inside the range 1 ≤ n ≤ NrNθ, the modal

participation factors qn and eigenfunctions Φn correspond to the cosine-part in

Eq. (25a) with n = Nθ(nr − 1) + nθ + 1 (0 ≤ nθ < Nθ and 1 ≤ nr ≤ Nr). For240

NrNθ < n ≤ N , on the other hand, qn and Φn are assigned to the sine-part of

the eigenfunctions in Eq. (25b) with n = NrNθ +Nθ(nr− 1) +nθ (1 ≤ nθ < Nθ

and 1 ≤ nr ≤ Nr). This is inserted into Eq. (23) which then is multiplied by an

arbitrary eigenfunction Φm and integrated to yield the already known system
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(7). For the circular membrane, however, the matrices C, M, and L as well245

as the vector b are different: The elements of the membrane stiffness matrix

C = (cmn) ∈ RN×N are

cmn =


πλ20nrJ1(λ0nr )

2 if m = n ∧ nθ = 0

−π2λ
2
nθnr

Jnθ−1(λnθnr )Jnθ+1(λnθnr ) if m = n ∧ nθ > 0

0 else,

(27)

the membrane mass matrix is M = (mmn) ∈ RN×N , with

mmn =


πJ1(λ0nr )

2 if m = n ∧ nθ = 0

−π2 Jnθ−1(λnθnr )Jnθ+1(λnθnr ) if m = n ∧ nθ > 0

0 else,

(28)

and the coupling matrix L = (lmi) ∈ RN×I , with

lmi =

Jmθ (λmθmrξi) cos(mθθi) if m ≤ NrNθ

Jmθ (λmθmrξi) sin(mθθi) if m > NrNθ.
(29)

Finally, the membrane excitation vector b = (bn) ∈ RN is given by250

bn =


2π
λ0nr

J1(λ0nr ) if nθ = 0

0 else.
(30)

The derivation of the coupling relationship between the membrane modes

and the coupling point force vector γ follows the same approach as in the rect-

angular membrane case. In fact, the same displacement continuity equation as

Eq. (16) results, where, in this case however, the mass ratio µj is defined as

µj = Mj/(m
′′
mR

2) and the elements of Gj = (g
(j)
mn) ∈ RIj×Ij are given by255

g(j)mn = 1 +
ξ′jmξ

′
jn

ϑη′j ,j
+
η′jmη

′
jn

ϑξ′j ,j
, (31)

with the local cartesian mass coordinates ξ′j = x′j/R and η′j = y′j/R, as well as

the dimensionless radii of gyration ϑξ′j ,j = Jx′
j ,j
/(MjR

2) and ϑη′j ,j = Jy′j ,j/(MjR
2).

Finally, the eigenvalues and eigenvectors of the mass-loaded circular mem-

brane can be obtained, when the eigenvalue problem (20) is solved using the

matrices C, M, L, and G derived above for the circular membrane case.260
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2.3. Low-frequency transmission loss

The eigenvalues and eigenvectors obtained by the solution of the eigenvalue

problem presented above are used to calculate the normal incidence transmission

loss of the membrane. Since MAMs are primarily applicable for the attenuation

of low-frequency sound transmission, an approximate method to obtain the low-265

frequency normal incidence transmission loss is considered here.

At low frequencies with acoustic wavelengths greater than the characteristic

dimension of a structure the sound radiation behavior of that structure is mainly

governed by its surface-averaged vibration amplitude or piston-like motion [20].

Hence, the membrane can be regarded as a rigid wall with an effective surface270

mass density m̃′′ at low enough frequencies. This effective surface mass density

is defined as [1]

m̃′′ =
〈∆P̂ 〉
〈âz〉

, (32)

where ∆P̂ is the pressure amplitude difference along the membrane surface, âz

is the vibrational acceleration amplitude in normal direction of the membrane

surface, and275

〈v〉 =
1

S

∫
S

v dS (33)

denotes the surface average of a quantity v performed over the membrane surface

S. Alternatively, a Green’s function approach using the eigenmodes of the MAM

can be used to obtain the effective surface mass density [21, 22]. Generally,

m̃′′ is frequency dependent and it can be used in accordance to the mass-law

relationship to obtain the acoustic transmission factor280

t =
1

1 + iωm̃′′
2ρ0c0

, (34)

where ρ0 and c0 are the density and speed of sound of the sorrounding medium,

respectively. Thus, the membrane sound transmission loss is given by TL =

−20 log |t|.

In order to obtain the effective surface mass density of a membrane at nor-

mal sound incidence, the pressure amplitude difference ∆P̂ in Eq. (32) can be285
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replaced by P̂ = const, without loss of generality. For harmonic vibrations,

the acceleration amplitude is given by âz = −ω2ŵ and with the same non-

dimensional parameters as above, the following expression for m̃′′ results:

m̃′′ = −m′′m
β

k2
1

〈u〉
. (35)

According to the modal expansions of u in Eqs. (5) and (26), the surface averaged

dimensionless displacement amplitude is given by290

〈u〉 =
1

σ
bTq, (36)

where σ is the dimensionless membrane surface area which is σ = 1 for the rect-

angular membrane and σ = π for the circular membrane. Since the eigenvectors

x(i) are obtained from solving the eigenvalue problem in Eq. (20), the membrane

mode participation factors q and the point mass vector γ can be expanded as a

series of the corresponding parts of the eigenvectors x
(i)
q and xγ(i), respectively,295

by defining

q ≈
K∑
i=1

cix
(i)
q = Xqc and γ ≈

K∑
i=1

cixγ(i) = Xγc, (37)

where K is the number of eigenpairs obtained from Eq. (20) and ci are the

mode participation factors of the mass-loaded membrane. This is inserted into

Eq. (19) and the participation factors for a mass-loaded membrane excited by a

uniform pressure of amplitude β are obtained from the solution of the system300 (
Â− k2B̂

)
c∗ = b̂, (38)

where Â = XTAX and B̂ = XTBX are the reduced system matrices, b̂ =

XT
q b, and c∗ = c/β. Since X is the matrix of linear independent generalized

eigenvalues of (A,B), this system of equations is further simplified by noting

that AX = BXΛ, where Λ is a diagonal matrix of the obtained mass-loaded

membrane eigenvalues k2i . Thus, Â = B̂Λ and Eq. (38) simplifies to305 (
Λ− k2I

)
c∗ = â, (39)

with the identity matrix I and â = B̂
−1

b̂.
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With the definition of q ≈ Xqc, the surface averaged dimensionless displace-

ment amplitude is expressed as

〈u〉 =
1

σ
bTXqc =

β

σ
b̂
T
c∗ (40)

and the equation for the effective surface mass density (35) then results in

m̃′′ = − m′′m

k2 b̂
T
(Λ− k2I)

−1
â

(41)

for the rectangular membrane and310

m̃′′ = − πm′′m

k2 b̂
T
(Λ− k2I)

−1
â

(42)

for the circular membrane.

Finally, it should be noted that the analytical model derived above is valid

in the case of an undamped membrane structure. If structural damping of the

membrane material needs to be considered, the membrane stiffness matrix C

can be replaced by a complex stiffness matrix C̃ = (1 + iηm)C, where ηm is the315

structural loss factor of the membrane material.

2.4. Calculation of transmission loss peak frequencies

From the definition of the mass law transmission factor in Eq. (34) it can

be seen that zero transmission of sound, i.e. t→ 0, occurs, if the magnitude of

the effective surface mass density of the membrane goes to infinity. This is the320

case, as evident from Eqs. (41) and (42), for non-zero frequencies kP, when

b̂
T(

Λ− k2PI
)−1

â
!
= 0. (43)

Since the membrane eigenvalue matrix Λ is diagonal, this equation can be

rewritten as a sum of partial fractions:

K∑
i=1

Ai
k2i − k2P

!
= 0, (44)

where the residuals are given by Ai = b̂iâi. Hence, the low-frequency transmis-

sion loss peak frequencies kP of a mass-loaded membrane are obtained as the325

roots of the rational function in Eq. (44).
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3. Verification

To demonstrate that the analytical model is derived correctly, a verification

of the model is performed by comparing the analytically predicted transmission

loss of different membrane configurations to the results obtained by a finite ele-330

ment model. First, a detailed description of the finite element model is given in

this section. Then, the analytical and numerical normal incidence transmission

loss results are compared for a rectangular as well as circular membrane to verify

the analytical model. Finally, a brief discussion on the convergence behavior of

the coupling points is given and a method for estimating error bounds on the335

analytically predicted frequencies is presented.

3.1. Finite element model

The basic system to be modeled by finite elements is shown in Fig. 5, exem-

plarily for the case of a rectangular membrane. The model consists of a mem-

brane with fixed edges and two prismatic acoustic cavities that are attached to340

each side of the membrane structure. The lateral surfaces of both cavities are

defined as acoustically hard and the cavities are terminated by fully absorbing

boundaries in order to simulate the conditions inside an impedance tube. The

membrane is excited by a uniform harmonic pressure with amplitude P̂ = 1 Pa

and the resulting transmitted acoustic pressure amplitude p̂t is obtained from345

LF

LF

P̂
p̂t

0.75LF

Fluid Fluid

MembraneAbsorbing boundary Absorbing boundary

Figure 5: System modeled by finite elements for the verification of the analytical model.
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a field point that is at a distance of three quarters of the cavity length from

the membrane plane. Since only normally incident plane acoustic waves are

generated by this approach, one field point is sufficient for the calculation of p̂t.

The acoustic transmission factor is calculated as:

t = 2e0.75(iωLF/c0)
p̂t

P̂
. (45)

For the discretization of the membrane, first order triangular elements with350

neglegible bending and shear stiffness are used. The attached masses are mod-

eled by volumetric elements and the fluid is discretized with first order tetra-

hedral fluid elements. The vibro-acoustic coupling is established via coincident

grid nodes at the membrane-fluid interfaces. In order to obtain a proper pre-

stressing of the membrane material, a static temperature load is applied to the355

membrane elements before the dynamic analysis is performed. The neccessary

temperature load is obtained from [23]

∆ϑ = − T

Ehα
, (46)

where E is the membrane Young’s modulus, h the membrane thickness, and α

the thermal expansion coefficient of the membrane material. With this temper-

ature load a static analysis is performed and the results are used in conjunction360

with a linear perturbation method to obtain the direct frequency response of

the pre-stressed membrane.

The verification of the analytical model is performed for the two geometri-

cal cases (rectangular and circular) considered in the present contribution. In

both cases polyetherimid (PEI), with density ρ = 1270 kg/m3, Young’s modulus365

E = 2.9 GPa, and Poisson’s ratio ν = 0.44, is chosen to specify the membrane

material. The membrane thickness is h = 25 µm which yields a membrane sur-

face mass density of m′′m = 31.75 g/m2. Finally, the membrane pretension force

per unit length is given by T = 160 N/m. Without loss of generality, a unit ther-

mal expansion coefficient of α = 1 1/K is defined for the membrane which results370

in a static pre-loading temperature difference of ∆ϑ = −2.207 mK. Circular

added masses are chosen for the verification process, where the mass material
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is steel, with ρM = 7860 kg/m3, EM = 210 GPa, and νM = 0.3, and the mass

radius is given by RM = 2 mm. The thickness of the steel disc is derived from

the added mass magnitudeM = 0.2 g according to hM = M/(ρMπR
2
M) ≈ 2 mm.375

For the ambient fluid, standard atmospheric conditions of air are assumed with

ρ0 = 1.225 kg/m3 and c0 = 340 m/s and the examined frequencies range from

f = 100 to 1000 Hz.

3.2. Rectangular membrane

The rectangular membrane considered here is square with edge lengths Lx =380

Ly = 20 mm and the acoustic cavity length is chosen sufficiently large with

LF = Lx, such that the absorbing boundaries are outside the acoustical near field

of the membrane. To obtain a grid-independent solution, the average element

edge lengths of the membrane and the fluid are set to ∆m = 0.5 mm and ∆f =

2.5 mm, respectively, after a grid-sensitivity analysis has been performed. In385

the analytical analysis, 160 membrane modes are considered in each spatial

direction which yields a total number of membrane modes of N = 25600. I =

228 coupling points are evenly distributed across the membrane-mass interface

area with an average matching point distance of ∆γ = 0.25 mm. The first

K = 400 eigenvalues and eigenvectors are extracted to calculate the effective390

surface mass density according to Eq. (41). This was necessary in order to

obtain accurate results for the effective surface mass density around the peak

frequencies, because the peak frequencies also depend on the higher order modes,

as apparent from Eq. (44).

The circular mass is placed at two different locations on the membrane to395

account for two different effects: In the first case, the mass is placed in the

membrane center so that the mass exhibits only translational motion. In the

second case, the mass is positioned with an offset of ∆x = 5 mm from the

membrane center to evoke rotational motion of the mass in addition to the

translational motion.400

For both mass positions, the CPU time of the proposed analytical model

(TCPU ≈ 115 s) was approximately 2.7 times lower than the CPU time of the
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finite elements model calculations (not taking into account the time for pre- and

post-processing of the numerical models). The memory usage of the analytical

model (approx. 1000 MB) was 3 times higher than in the numerical simulations.405

This can be attributed to the implementation of the analytical model by the

authors which has not been fully optimized in terms of memory usage.

The analytical and numerical results for the two mass positions are given in

Fig. 6 with a comparison to the analytically obtained transmission loss of the

bare membrane without the added mass. Both plots show that the analytical410

results are in excellent agreement with the results from the finite element model.

Thus, the analytical model is capable to replicate the results obtained from a

finite element discretization of a rectangular membrane metamaterial. In par-

ticular, the eigenfrequencies of the mass-loaded membrane which are found at

the minima in the transmission loss curves are predicted correctly by the point415

matching approach. Likewise, the magnitude of the transmission loss obtained

from the effective surface mass density is in excellent agreement with the nu-

merical data, despite the acoustic wave length being in the order of magnitude

of the membrane size at 1000 Hz.

As can be seen in Fig. 6, the transmission loss of the bare membrane is420

stiffness-controlled with a slope of −6 dB/octave, because the first eigenfre-

quency of the bare membrane fm1 = 2510 Hz is outside the considered frequency

range. Compared to this, the transmission loss of the MAM is considerably

larger around the peak frequencies, while at the resonance frequencies (espe-

cially the first one), the transmission loss is lower. Since these frequencies can425

be tuned by selecting suitable properties for the MAMs, so that the first res-

onance frequency occurs below and the peak frequencies inside the frequency

range of interest, this shows the advantage of MAMs over the homogenous mem-

brane for the low-frequency sound insulation.

The analytically obtained modeshapes of the first two symmetric eigenmodes430

for the centrally loaded rectangular membrane are shown in Fig. 7. The vibra-

tional patterns of these eigenmodes correspond well to previous studies of the

eigenmodes of MAMs [8, 17, 22]: The first eigenmode is characterized by large
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Figure 6: Comparison of the analytical and numerical results for the transmission loss of

a rectangular membrane with a circular mass at two different locations. (a) Mass offset

∆x = 0 mm; (b) ∆x = 5 mm.

f1 = 273.752 Hz f2 = 3887.14 Hz

Figure 7: Analytically obtained mode shapes of the first (left) and second (right) symmetric

eigenmode of the centrally loaded rectangular membrane.
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vibration amplitudes of the central mass. Hence, this eigenmode is mainly de-

termined by the added mass magnitude, the mass diameter, and the membrane435

properties. In the second modeshape, however, the vibration amplitude of the

central mass is negligible, while the unloaded part of the membrane vibrates

in-phase. Therefore, the added mass magnitude is not significant for the second

eigenmode of the MAM [1, 8].

Finally, the non-dimensional effective surface mass density m̃′′/m′′tot, where440

m′′tot = m′′m+M/(LxLy) is the total surface mass density of the MAM, calculated

using Eq. (41) for the case of the centrally loaded rectangular membrane is

shown in Fig. 8. The effective surface mass density starts at negative infinity

in the static limit (f → 0). As discussed in [22], this can be explained by the

fixed edges of the membrane which leads to a stiffness-dominated deflection at445

frequencies below the first eigenfrequency of the MAM. This deflection is in

the same direction as the acting pressure difference and therefore, according to

Eq. (35), m̃′′ is negative. At the first eigenfrequency, the effective surface mass

density is zero due to the resonance effect. Then, m̃′′ becomes positive and

quickly grows to values several orders of magnitude higher than m′′tot close to450

the first peak frequency. At fP1, the effective surface mass density changes sign

and approaches zero again at the second eigenfrequency. This behavior of the

MAM’s effective surface mass density, as predicted by the presented analytical

model, compares well to the findings of previous theoretical and experimental

studies [17, 22].455

3.3. Circular membrane

For the circular membrane a radius of R = 15 mm is defined and the acoustic

cavity length in the finite element model is set to LF = 2R. The same element

lengths as in the rectangular case are chosen and the analytical model is set-up

with Nr = Nθ = 160 modes in radial and azimuthal direction, respectively,460

which yields an overall number of modes of N = 51040. The coupling points

and the number of extracted eigenpairs are the same as in the rectangular case.

Also, two different mass locations are considered as well, with the circular mass
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Figure 8: Non-dimensional effective surface mass density of the centrally loaded rectangular

membrane.

placed in the membrane center and with a radial offset of ∆r = 5 mm.

As for the rectangular membrane, the CPU time for the analytical calculation465

of the circular membrane (TCPU ≈ 225 s) was considerably lower than for the

numerical simulation. In this case, the speed-up amounted to a factor of 3.8 due

to the larger membrane area compared to the rectangular case which lead to a

higher number of elements in the numerical model. Approximately 2000 MB of

memory was used in the analytical calculations which, like in the rectangular470

case, was 3 times higher than in the numerical simulations.

Fig. 9 shows a comparison of the results obtained from the analytical model

and the finite element model for both mass positions, as well as the transmission

loss of the bare membrane. Like in the rectangular case, it is evident that the

analytical results virtually match the numerical data and the eigenfrequencies475

of the mass-loaded membrane are predicted accurately. Hence, the analytical

model yields satisfactory results for both rectangular and circular geometries.

The comparison to the transmission loss of the bare membrane (first eigen-

frequency fm1 = 1811 Hz) shows the same qualitative behavior that has been

observed in § 3.2 for the rectangular membrane.480

In Fig. 10 the analytically obtained vibrational patterns of the first two

axisymmetric eigenmodes of the centrally loaded circular membrane are shown.
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Figure 9: Comparison of the analytical and numerical results for the transmission loss of a

circular membrane with a circular mass at two different locations. (a) Mass offset ∆r = 0 mm;

(b) ∆r = 5 mm.

f1 = 249.434 Hz f2 = 2624.17 Hz

Figure 10: Analytically obtained mode shapes of the first (left) and second (right) axisym-

metric eigenmode of the centrally loaded circular membrane.
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These eigenmodes exhibit the same qualitative properties as the eigenmodes of

the rectangular membrane shown in Fig. 7 with a strong vibration of the central

mass in the first eigenmode and an annular-type vibration of the membrane with485

virtually fixed mass in the second eigenmode.

The analytically obtained non-dimensional effective surface mass density of

the centrally loaded circular membrane, with m′′tot = m′′m +M/(πR2), is shown

in Fig. 11. It shows the same qualitative behavior as already described in § 3.2

for the case of the rectangular membrane.490

3.4. Sensitivity of matching point spacing

One critical assumption during the derivation of the analytical model has

been that the continuous membrane-mass interaction surface force γ′′ can be

sufficiently approximated by a finite set of point forces γi. In theory, the dis-

tributed point forces should converge to the unknown γ′′-distribution as the495

number of point forces I goes to infinity. For the application of the analytical

model, however, it is more important to know, at which rate the point forces

converge to the continuous distribution and how errors can be estimated for

a given number of matching points. For this analysis, the first two eigenfre-

quencies f1 and f2 as well as the first peak frequency fP1 are calculated with500

the analytical model for the centrally loaded rectangular and circular mem-

brane from the previous sub-sections. Four different coupling point spacings,

∆γ = 1 mm, 0.5 mm, 0.25 mm, and 0.125 mm, are considered and the Richard-

son extrapolation method is applied to estimate the order of convergence and

the frequencies for the continuous case with ∆γ → 0 [24].505

The order of convergence p is estimated from the results of the three finest

coupling point spacings according to

p =
ln f(3)−f(2)

f(2)−f(1)

lnκ
, (47)

where f (1) corresponds to a frequency calculated for the smallest point spac-

ing ∆
(1)
γ = 0.125 mm, f (2) is obtained for ∆

(2)
γ = 0.25 mm, and f (3) for
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Figure 11: Non-dimensional effective surface mass density of the centrally loaded circular

membrane.

∆
(3)
γ = 0.5 mm. κ is the refinement ratio (here: κ = 2). For a known or-510

der of convergence p, the extrapolated value f̄ for ∆γ → 0 is estimated by

f̄ ≈ f (1) +
f (1) − f (2)

κp − 1
. (48)

The analytically obtained and extrapolated frequencies are shown in Fig. 12

for the rectangular membrane and in Fig. 13 for the circular membrane, re-

spectively. It can be seen that in both cases the first two natural frequencies515

and the first peak frequency converge asymptotically to finite values at ∆γ = 0

that are well predicted by the Richardson extrapolation. This indicates that

the finite number of coupling point forces indeed converge to the continuous

γ′′-distribution as the distance between the points approaches zero. Since the

Richardson extrapolation is performed for the three finest point spacings, the520

extrapolated frequency curves in Figs. 12 and 13 match the analytical values

for the three finest point spacings perfectly. Also, the natural frequencies f1

and f2 agree well with the extrapolated curve for the largest point spacing

∆
(4)
γ = 1 mm which indicates that the natural frequencies already lie in the

asymptotic range for the considered point spacings. The peak frequency fP1,525

however, does not fall onto the extrapolated curve in both the rectangular and

the circular membrane case when the largest point spacing is used. This im-
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Figure 12: Analytical results for the first two natural frequencies and the first peak frequency

of the centrally loaded rectangular membrane for different coupling point spacings ∆γ . The

dashed line shows estimated values from the Richard extrapolation.
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Figure 13: Analytical results for the first two natural frequencies and the first peak frequency

of the centrally loaded circular membrane for different coupling point spacings ∆γ . The dashed

line shows estimated values from the Richard extrapolation.
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plies that the asymptotic range of the peak frequencies starts at smaller point

spacings than in the case of the natural frequencies. A possible explanation of

this can be given by analyzing Eq. (44) which shows that the peak frequencies530

do not only depend on the dimensionless natural frequencies ki, but also on the

residuals Ai that are obtained from the eigenvectors which may have a different

convergence behavior than the natural frequencies.

Additionally to the plots shown in Figs. 12 and 13, the corresponding nu-

merical values and estimated orders of convergence are listed in Table 1. For535

the natural frequencies, the estimated order of convergence is p ≈ 1.7 for the

rectangular membrane and p ≈ 1.6 for the circular membrane which shows that

the rate of convergence of the natural frequencies is nearly independent of the

membrane geometry. The peak frequency has a slightly higher order of con-

vergence of p ≈ 2.0 which confirms the difference in the convergence behavior540

between the natural and the peak frequencies, as observed in Figs. 12 and 13.

In order to estimate an error bound for the analytically predicted natural and

peak frequencies, the grid convergence index (GCI), as proposed by Roache [25],

is used. To calculate this error estimate, frequency results need to be obtained

for a fine and a coarse point spacing (f (f) and f (c), respectively). Following545

the previous discussion on the convergence behavior, an order of convergence of

p = 1.6 for the natural and peak frequencies likewise is a conservative choice.

The grid convergence index is then calculated using

GCI =
3

κp − 1

∣∣∣∣f (c) − f (f)f (f)

∣∣∣∣ . (49)

With Eq. (49), a frequency error estimate for the point spacing ∆γ =

0.25 mm that is chosen in the verification of the analytical model can be ob-550

tained. The resulting grid convergence indices lie in the range of GCI ≈

1.0 . . . 1.5% for the first two natural frequencies and GCI ≈ 3.0 . . . 3.2% for

the first peak frequency. As confirmed by the comparison to the finite element

model results in the previous sub-sections, these error bounds are acceptable for

an accurate prediction of natural and peak frequencies.555
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Table 1: Convergence of the first two natural frequencies and the first peak frequency of the

centrally loaded rectangular and circular membrane with extrapolated values und estimated

order of convergence.

Rectangular membrane Circular membrane

I ∆γ (mm) f1 (Hz) fP1 (Hz) f2 (Hz) f1 (Hz) fP1 (Hz) f2 (Hz)

15 1.0 263.083 372.888 3749.63 240.360 323.671 2551.40

55 0.5 271.210 398.578 3846.50 247.280 345.472 2606.62

228 0.25 273.752 407.413 3887.14 249.434 352.488 2624.17

925 0.125 274.515 409.601 3886.39 250.115 354.391 2629.77

Extrapolated: 274.842 410.321 3890.39 250.430 355.099 2632.39

Order p: 1.736 2.014 1.728 1.661 1.882 1.648

4. Conclusions

In the first part of the present contribution an analytical model for the

calculation of the low-frequency normal incidence transmission loss of mass-

loaded rectangular and circular membranes was derived. A point matching

approach was applied to couple the membranes with one or more rigid masses560

of arbitrary shape. The resulting linear eigenvalue problem was stated and

the corresponding system matrices were presented for the rectangular and the

circular membrane, respectively. Then, the effective surface mass density of the

membrane was introduced to yield a simplified expression for calculating the low-

frequency normal incidence transmission loss of the membrane. In the second565

part, the analytical model was verified with results from finite element model

simulations which showed very good agreement between the predicted and the

numerical data. A discussion on the sensitivity of the coupling point spacing

showed that the discrete coupling point forces converge reasonably fast to the

continuous force distribution between the membrane and the mass as the point570

spacing approaches zero. Finally, a method based upon the grid convergence

index was presented to estimate an error bound on the predicted natural and

30



Acce
pte

d Man
usc

rip
t

peak frequencies.

Due to the resulting linear eigenvalue problem, the presented analytical

model can be implemented with standard linear algebra methods. Since the in-575

volved system matrices are generally sparse, efficient algorithms for the solution

of sparse generalized eigenproblems may be applied to calculate the eigenval-

ues and eigenvectors of the coupled system. Therefore, the presented analytical

model can be applied to the prototyping of numerical or experimental models

involving MAMs or automated optimizations of mass-loaded membranes, where580

computational efficiency is crucial. Since the concept of the effective surface

mass density is only valid for acoustic wavelengths larger than the membrane

itself, the proposed method for the calculation of the normal incidence trans-

mission loss is confined to low frequencies. However, this can be extended to

arbitrary frequencies, e.g. by employing the method shown in [17] to the calcu-585

lated eigenvalues and -vectors, which, nevertheless, requires the application of

numerical integration.

For an industrial application of the discussed MAMs in large-scale struc-

tures, it is neccessary to consider the rather small membrane-metamaterials as

periodically arranged unit cells of a larger structure. In [10, 26] it is shown that590

the desired transmission loss behavior of MAMs basically extrapolates to larger

structures with multiple MAM unit cells. The global resonance behavior and

imperfect boundary conditions of large-scale structures, however, may affect the

transmission loss negatively. Also, the influence of oblique and diffuse incident

sound fields needs to be considered for such structures. It was demonstrated in595

[11] that the qualitative behavior of absorbent MAMs is very similar for oblique

incidence angles up to 60◦. For a better understanding of this effect, the pre-

sented model, which considers normal incident plane acoustic waves only, can be

modified accordingly to enable the calculation of oblique and diffuse incidence

transmission losses.600
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